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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 36 ]. This is test number [ 71 |.

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed
Rubi % 100. ( 36) %0.(0)
Mathematica | % 100. ( 36 ) %0.(0)
Maple % 94.44 (34) | %556 (2)
Maxima %94.44 (34) | % 5.56 (2)
Fricas % 100. ( 36) %0.(0)
Sympy % 55.56 (20) | % 44.44 (16)
Giac %94.44 (34) | % 5.56 (2)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 100. 0. 0. 0.
Maple 94.44 0. 0. 5.56
Maxima 27.78 0. 66.67 5.56
Fricas 100. 0. 0. 0.
Sympy 50. 5.5 0. 44.44
Giac 27.78 0. 66.67 5.56




The following is a Bar chart illustration of the data in the above table.
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

Normalized median

System Mean time (sec) | Mean size | Normalized mean | Median size

Rubi 0.07 96.61 0.72 97.5 1.
Mathematica 2.69 79.36 0.64 86.5 0.87
Maple 0.04 88.59 0.61 72. 0.76
Maxima 1.92 1198.62 6.43 393. 4.05
Fricas 1.13 221.58 1.82 238. 2.38
Sympy 0.47 42.8 0.69 11. 0.41
Giac 1.08 175.94 1.28 165. 1.44
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1.4 list of integrals that has no closed form an-
tiderivative

{# 5y [14[15}[19}[23}[27 28, [32,[36}

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: { [T}[21[3}[4} 5,6} 7} {8 [0} [L0} [11} [12} [13} [14} [15} [16} [17, [18} [19} [20} 21} [22} [23} [24} [25} [26} [27,
[28}[29}[30}[31},[32,[33}[34}[35}[36] }

B grade: { }

C grade: { }

F grade: { }

2.1.2 Mathematica

A grade: { [1}[2,[3, [} [6} 7 /8 9} (L0} [11} [L2}[13} 14} 15} [16} [17}[18} 19} 20} [21} [22} [23} 24} 25} [26} 27}
(2829} 80,81} 32, B3} B4, B2}, B4]

B grade: { }
C grade: { }
F grade: { }

2.1.3 Maple

A grade: {[1}21[3) [4} 617, 8} 0} (L1} 12, [L3} L4} [L5}[16} 17} 18} 19} 20} 21} 22] [23, [24} [25} [26 [27} [28} [29),
[B0IBT,B233} 34} 35,36]

15
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B grade: { }
C grade: { }

F grade: {}

2.1.4 Maxima

A grade: (T8 5 9 23 27 28,3 59

B grade: { }

C graces {13307 ) 3 5 6 7 2L 2 2 2 25 26 23 5,5 59 B )
F grade: {}

21.5 FriCAS

A grade: { [I}[21[3)[4 1617 8 0} 10} 11} 12}[13} 1 4}[15} 16} 17} [18} 19} [20} 2T} 22} [23| 4} [25} [26} 27}
(2829130} 31, 3%, 33, B4 35, B4

B grade: { }
C grade: { }
F grade: { }

2.1.6 Sympy

A grade: {[3|[4},[8}[0}[13} [14}[15[18] |19} [22[23) [26} [27} 28} [31} [32} 35} 3] }
B grade: {[12}[25]}
C grade: { }

F grade: {[1} 21516, [7,[L0} {1} 16} 17} 20} 2T} 24} 29} 30} 33} ]34]}

2.1.7 Giac
A grades ([0} 15 I 3 E7 8,250
B grade: { }

C grade: ([ 2316718 L1} 12} [13} 16} 17} 18} [20} 21} [22] 24} 29}, 26} 29}, B0} B} B3} B4 [85}
F grade: {[5}[10]}
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — :
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 249 249 157 204 4115 448 0 306
normalized size | 1 1. 0.63 0.82 16.53 1.8 0. 1.23
time (sec) N/A 0.243 0.707 0.009 5036  1.555 0. 2.972
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 123 123 111 100 1305 325 0 247
normalized size | 1 1. 0.9 0.81 10.61 2.64 0. 2.01
time (sec) N/A 0.037 0.371 0.007 2729  1.562 0. 1.221
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 97 97 84 82 393 279 88 182
normalized size | 1 1. 0.87 0.85 4.05 2.88 091 188
time (sec) N/A 0.021 0.173 0.007  2.316 1.35  0.547 1.215
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 17 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.008 4173 0.047 0. 0. 0. 0.




18

Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 110 110 110 0 0 311 0 0
normalized size | 1 1. 1. 0. 0. 2.83 0. 0.
time (sec) N/A 0.083 0.793 0.198 0. 1.413 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 251 251 165 202 4122 443 0 309
normalized size | 1 1. 0.66 0.8 16.42 1.76 0. 1.23
time (sec) N/A 0.204 0.712 0.01 2285  1.607 0. 1.738
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 124 124 117 99 1310 323 0 250
normalized size | 1 1. 0.94 0.8 10.56 2.6 0. 2.02
time (sec) N/A 0.044 0.318 0.008 1.708  1.529 0. 2.446
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 98 98 89 80 393 278 94 185
normalized size | 1 1. 0.91 0.82 4.01 2.84 096  1.89
time (sec) N/A 0.025 0.185 0.009  2.049 1585 0.545 2.795
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 18 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.008 4.792 0.046 0. 0. 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 110 110 115 0 0 309 0 0
normalized size | 1 1. 1.05 0. 0. 2.81 0. 0.
time (sec) N/A 0.084 0.802 0.204 0. 1.583 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 82 82 66 59 211 228 0 101
normalized size | 1 1. 0.8 0.72 2.57 2.78 0. 1.23
time (sec) N/A 0.033 0.117 0.009 3979  1.483 0. 2.418
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A B C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 41 41 39 30 166 124 160 88
normalized size | 1 1. 0.95 0.73 4.05 3.02 3.9 2.15
time (sec) N/A 0.013 0.05 0.009  4.143 1.39 1148 1.297
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 24 24 24 20 95 89 29 53
normalized size | 1 1. 1. 0.83 3.96 3.71 1.21 221
time (sec) N/A 0.006 0.027 0.007 3.77 1.354 0.5 1175
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 15 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.008 14.481 0.063 0. 0. 0. 0.
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 52 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.025 11.554 0.066 0. 0. 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 248 248 170 191 4236 440 0 289
normalized size | 1 1. 0.69 0.77 17.08 1.77 0. 1.17
time (sec) N/A 0.227 0.655 0.018 3.616  1.609 0. 1.243
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 126 126 118 95 1372 315 0 230
normalized size | 1 1. 0.94 0.75 10.89 2.5 0. 1.83
time (sec) N/A 0.073 0.28 0.016 2.12 1.633 0. 1.248
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 100 100 97 72 410 238 83 165
normalized size | 1 1. 0.97 0.72 4.1 2.38 083  1.65
time (sec) N/A 0.05 0.103 0.013 1.888  1.635 1114 1.278
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 32 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.027 6.992 0.099 0. 0. 0. 0.
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Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 248 248 175 199 4238 435 0 292
normalized size | 1 1. 0.71 0.8 17.09 1.75 0. 1.18
time (sec) N/A 0.22 0.73 0.017 2208  1.497 0. 1.287
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 126 126 122 99 1372 313 0 232
normalized size | 1 1. 0.97 0.79 10.89 2.48 0. 1.84
time (sec) N/A 0.066 0.291 0.014 1.952  1.437 0. 1.403
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 100 100 102 76 410 235 88 167
normalized size | 1 1. 1.02 0.76 4.1 2.35 0.88  1.67
time (sec) N/A 0.048 0.11 0.015 2,073 1.536 1.145 1.346
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 32 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.028 7.299 0.097 0. 0. 0. 0.
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 85 85 77 64 231 215 0 86
normalized size | 1 1. 0.91 0.75 2.72 2.53 0. 1.01
time (sec) N/A 0.062 0.145 0.017 2.33 1.653 0. 1.352
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A B C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 42 35 182 135 121 73
normalized size | 1 1. 0.91 0.76 3.96 2.93 263 1.59
time (sec) N/A 0.03 0.061 0.014  2.042 1.66 1.648 1.289
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 27 27 27 20 46 74 22 35
normalized size | 1 1. 1. 0.74 1.7 2.74 0.81 1.3
time (sec) N/A 0.015 0.013 0.013 1.737 1.685 0.887 1.281
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 30 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.028 10.992 0.106 0. 0. 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 65 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0 0 0 0
time (sec) N/A 0.049 11.036 0.162 0 0 0 0
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 285 285 186 399 5825 567 0 768
normalized size | 1 1. 0.65 1.4 20.44 1.99 0. 2.69
time (sec) N/A 0.271 1.3 0.01 3.952  1.797 0. 1.261
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 140 140 128 184 1702 359 0 441
normalized size | 1 1. 0.91 1.31 12.16 2.56 0. 3.15
time (sec) N/A 0.056 0.668 0.01 2714 1741 0. 1.282
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 97 97 84 82 393 279 88 182
normalized size | 1 1. 0.87 0.85 4.05 2.88 091 188
time (sec) N/A 0.022 0.095 0.007  2.047 1.78 0.58 1.216
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.011 7.652 0.115 0. 0. 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 291 291 215 378 6030 608 0 726
normalized size | 1 1. 0.74 1.3 20.72 2.09 0. 2.49
time (sec) N/A 0.337 1.19 0.017 3.79 1.71 0. 1.349
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 150 150 140 170 1786 369 0 410
normalized size | 1 1. 0.93 1.13 11.91 2.46 0. 2.73
time (sec) N/A 0.093 0.437 0.016  2.678  1.539 0. 1.25




24

Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 100 100 97 72 410 238 83 165
normalized size | 1 1. 0.97 0.72 4.1 2.38 0.83 1.65
time (sec) N/A 0.048 0.073 0.013 2167  1.467 1.2 1.322
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 43 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.037 7.409 0.23 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

number of rules

the integrand. Finally the ratio —

integrand size

integral was to solve. In this test, problem number [24] had the largest ratio of [ 0.4667 ]

is given. The larger this ratio is, the harder the

Table 2.1: Rubi specific breakdown of results for each integral

number of num?er of no.rmatlize.d integrand ——
# grade steps unique antlderl\./atlve leaf size integrand leal size
used rules leaf size

1 A 8 6 1. 15 0.4

2 A 4 4 1. 13 0.308

3 A 3 3 1. 11 0.273

4 A 0 0 0. 0 0.

5 A 5 + 1. 33 0.121

6 A 8 6 1. 16 0.375

7 A 4 4 1. 14 0.286

8 A 3 3 1. 12 0.25
Continued on next page




Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative T:ifrs?;ed %
used rules leaf size

9 A 0 0 0. 0 0.
10 A 5 4 1. 35 0.114
11 A 6 6 1. 13 0.462
12 A 3 3 1. 11 0.273
13 A 2 2 1. 9 0.222
14 A 0 0 0. 0 0.
15 A 0 0 0. 0 0.
16 A 10 7 1. 17 0.412
17 A 6 5 1. 15 0.333
18 A 5 4 1. 13 0.308
19 A 0 0 0. 0 0.
20 A 10 7 1. 18 0.389
21 A 6 5 1. 16 0.312
22 A 5 4 1. 14 0.286
23 A 0 0 0. 0 0.
24 A 8 7 1. 15 0.467
25 A 5 4 1. 13 0.308
26 A 4 3 1. 11 0.273
27 A 0 0 0. 0 0.
28 A 0 0 0. 0 0.
29 A 8 6 1. 19 0.316
30 A 4 4 1. 17 0.235
31 A 3 3 1. 11 0.273
32 A 0 0 0. 0 0.
33 A 10 7 1. 21 0.333
34 A 6 5 1. 19 0.263
35 A 5 4 1. 13 0.308
36 A 0 0 0. 0 0.
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Chapter 3

Listing of integrals

3.1 fxz sin (a + bx + cxz) dx

Optimal. Leaf size=249

1) _f) (b+2cx) m (_f) (b+2cx) o (_ﬁ) (b+2€x) g9
\/:b sin (u ™ FresnelC W \/7Cos a- FresnelC Ve \/:sm a- S T . \/;b COS

2
4512 " 2372 - 2¢32

[Out] (bxCos[a + b*x + c*x72])/(4*xc”2) - (x*Cos[a + b*x + c*x72])/(2*%c) + (Sqrt[P
i/2]1*Cos[a - "2/ (4xc)]*FresnelC[(b + 2*c*x)/(Sqrt[cl*Sqrt[2+Pi])])/(2%c~(3

/2)) + (b~2%Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelS[(b + 2*cx*x)/(Sqrt[c]*Sqr
t[2*%Pi])])/(4*c~(5/2)) + (b~2*Sqrt[Pi/2]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt
[2%Pi])]*Sin[a - b~2/(4%c)])/(4*c~(5/2)) - (Sqrt[Pi/2]*FresnelS[(b + 2*c*x)

/ (Sqrt [c]*Sqrt[2*Pi])]*Sin[a - b2/ (4*xc)])/(2%c”~(3/2))

Rubi [A] time = 0.242831, antiderivative size = 249, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 6, integrand size = 15, number of rules _

integrand size
0.4, Rules used = {3463, 3448, 3352, 3351, 3461, 3447}

1) _ E b+2cx m _ E b+2cx o . E b+2cx g9
\/;b sin (a 4C)FresnelC(\/z_m/E) . \/;cos (a 4C)FresnelC(\/z_m/E) \/;sm (a 4C)S(\/E\/2_Tl) . \/:b COS

4052 200 20302

Antiderivative was successfully verified.

[In] Int[x"2*Sinl[a + b*x + c*x"2],x]

27
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[Out] (b*Cos[a + b*xx + c*xx"2])/(4%c”2) - (x*Cos[a + b*x + c*x72])/(2%c) + (Sqrt[P
i/2]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2xc*x)/(Sqrt[c]l*Sqrt[2*Pi])])/(2*c~(3

/2)) + (b~2*%Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelS[(b + 2*cxx)/(Sqrt[c]*Sqr
t[2*%Pi])])/(4*c~(5/2)) + (b~2*Sqrt[Pi/2]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt
[2«Pi])]*Sin[a - b~2/(4*c)])/(4*c™(56/2)) - (Sqrt[Pi/2]*FresnelS[(b + 2*c*x)
/(Sqrt [c]*Sqrt [2#Pi])]1*Sin[a - b2/ (4*c)])/(2%c~(3/2))

Rule 3463

Int[((d_.) + (e_.)*(x_)) " (m_)*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sym
bol] :> -Simp[(e*x(d + e*x)~(m - 1)*Cos[a + bxx + c*x72])/(2*c), x] + (Dist[
(e”2%(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Cos[a + b*x + c*x~2], x], x] - D
ist[(bxe - 2%cxd)/(2*c), Int[(d + exx)"(m - 1)*Sin[a + b*x + c*x~2], x], x]
) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2%cxd, 0] && GtQ[m, 1]

Rule 3448

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4xc)], Int[Cos[(b + 2%c*xx)~2/(4*xc)], x], x] + Dist[Sin[(b"2 - 4x*xaxc)/
(4%c)], Int[Sin[(b + 2%cx*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b2 - 4xaxc, 0]

Rule 3352

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)]1)/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, xI]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)]1)/(fxRt[d, 21), x] /; FreeQ[{d, e, f}, xI]

Rule 3461

Int[((d_.) + (e_.)*(x_))*Sin[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol]
:> -Simp[(exCos[a + bxx + c*x72])/(2*c), x] + Dist[(2%c*d - bxe)/(2xc), Int
[Sin[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
xe, 0]

Rule 3447

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Sin[(b + 2*cx*x)~2/(4*c)], x], x] - Dist[Sin[(b~2 - 4*axc)/
(4%c)], Int[Cos[(b + 2%cxx)~2/(4xc)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
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b~2 - 4xaxc, 0]

Rubi steps
xcos (a + bx + cx? cos(a+bx+cx?)dx b xsin(a+bx+cx?) dx
fxzsin(u+bx+cx2)dx:— ( )+f ( ) _ f ( )
2c 2c 2c
b2
b cos (a +bx + cxz) X COS (a +bx + cxz) b? fsin (a +bx + cxz) dx COS (” - 47) .
4¢2 2c 402
Jis b? C b+2cx Jis S b+2cx
bcos(a+bx+cx2)_xcos(a+bx+cx2)+\/;COS a-4 NAVT: \/; NAVE
B 4c2 2c 2c3/2 2
1 b2 C b+2cx b2
bcos (a +bx + cxz) X COS (u +bx + cxz) 2 S\ )\ Vv COS ‘
= - +
4c? 2c 2C3/2

Mathematica [A] time = 0.707047, size = 157, normalized size = 0.63

2

\27FresnelC (\T_ZT;_) (bz sin (a - Z—) +2c cos( )) 27 ( b+2ex ) (bz cos (a - Z—i) 2csin (a - —)) +24/c(b
8c5/2

Antiderivative was successfully verified.

[In] Integrate[x™2*Sin[a + b*x + c*x72],x]

[Out] (2*xSqrtlcl*(b - 2*c*x)*Cos[a + x*(b + c*x)] + Sqrt[2*Pi]*FresnelC[(b + 2*cx*
x)/(Sqrt [c]*Sqrt [2xPi])]*(2*c*Cos[a - b~2/(4*c)] + b~2xSinf[a - b~2/(4*c)])

+ Sqrt[2*Pi] *FresnelS[(b + 2*cx*x)/(Sqrt[c]*Sqrt[2*Pi])]1*(b"2xCos[a - b~2/(4

*c)] - 2xcxSinla - b72/(4*c)]))/(8%c™(5/2))

Maple [A] time = 0.009, size = 204, normalized size = 0.8

_xcos(cx2+bx+a) b _Cos(cx2+bx+a) b\/_\/_[C S(E (Z—ca))FresndS(% (Cx+b)i]_sm(1

2¢ 2¢ 2¢ \/_ c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*sin(c*x~2+b*x+a),x)
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[Out] -1/2*x*cos(cxx™2+bxx+a)/c-1/2%b/c*x(-1/2*cos (cxx™2+bxx+a)/c-1/4%b/c”(3/2)*2~
(1/2)*Pi~(1/2)*(cos((1/4*b~2-c*a)/c)*FresnelS(2~(1/2) /Pi~(1/2)/c” (1/2) *(c*x
+1/2*b))-sin((1/4*b"2-c*a)/c) *FresnelC(2°(1/2) /Pi~(1/2)/c~(1/2) *(c*x+1/2*b)
)))+1/4/c”(3/2) %27 (1/2)*Pi~(1/2) *(cos ((1/4%b"2-c*a) /c) *FresnelC(2°(1/2) /Pi~
(1/2)/c~(1/2) *(c*kx+1/2*b) )+sin((1/4*b"2-c*a) /c) *FresnelS(2°(1/2) /Pi~(1/2) /c
~(1/2)* (c*x+1/2%Db)))

Maxima [C] time = 5.03571, size = 4115, normalized size = 16.53

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/16%((d*xbxcx (e~ (1/4% (4*%I*c™2%x"2 + 4*xI*xbxcxx + I*b~2)/c) + e (-1/4*%(4*xI*c™
2%x72 + 4*xI*xbkxckx + I*b~2)/c))*abs(c)*cos(-1/4x(b"2 - 4*axc)/c) + brckx(4*Ix*
e (1/4% (4*xI*c™2*x"2 + 4xIxbxcxx + I*b72)/c) - 4*xI*xe” (-1/4x(4xI*c™2%x"2 + 4%
Ixbxc*x + I*b~2)/c))*abs(c)*sin(-1/4*(b"2 - 4xaxc)/c))*((4*c™2*x"2 + 4dxb*c*
X + b72)/abs(c))~(3/2) + (b~ 3*%(-4*Ixgamma(3/2, 1/4%(4*xI*c™2*x"2 + 4xI*bkc*x
+ I*¥b”2)/c) + 4xIxgamma(3/2, -1/4%(4*I*c™2*x"2 + 4xI*bxc*x + I*b~2)/c))*ab
s(c)*cos(-1/4%(b"2 - 4xaxc)/c) - 4xb~3*(gamma(3/2, 1/4x(4*xIxc™2%x"2 + 4xIx*b
xckxx + I*b72)/c) + gamma(3/2, -1/4*%(4*xI*c”2xx"2 + 4*Ixb*ckxx + I*b~2)/c))*ab
s(c)*sin(-1/4%(b~2 - 4xaxc)/c) + (c"3x(-32*I*xgamma(3/2, 1/4*(4*I*c™2*x"2 +
4xI*xbxc*xx + I*b72)/c) + 32*Ixgamma(3/2, -1/4x(4xI*c™2%x72 + 4xIxbkcxx + Ixb
~2)/c))*abs(c)*cos(-1/4x(b~2 - 4*axc)/c) - 32*c”3*(gamma(3/2, 1/4%(4*Ixc™2x
X"2 + 4xIxbxc*x + I*b~2)/c) + gamma(3/2, -1/4*%(4xI*c”2xx"2 + 4*xIxb*ckxx + Ix
b~2)/c))*abs(c)*sin(-1/4*%(b"2 - 4xaxc)/c))*x"3 + (b*c™2x(-48*I*xgamma(3/2, 1
/4% (4%Ixc™2%x"2 + 4xI*bxc*x + I*b~2)/c) + 48*Ixgamma(3/2, -1/4x(4*I*c™2%x"2
+ 4xI*xbxc*x + I*b~2)/c))*abs(c)*cos(-1/4x(b~2 - 4*a*xc)/c) - 48*b*xc~2*(gamm
a(3/2, 1/4x(4xI*c”™2%x72 + 4xIxbkxcxx + I*b~2)/c) + gamma(3/2, -1/4%(4*I*xc™2x
X"2 + 4xIxbxcxx + I*b~2)/c))*abs(c)*sin(-1/4*x(b"2 - 4*axc)/c))*x"2 + (b™2*c
*x (-24xIxgamma (3/2, 1/4*(4*xIxc™2%x"2 + 4xIxb*ckxx + I*b~2)/c) + 24*xIxgamma(3/
2, —1/4*%(4*I*c™2*x"2 + 4xIxbxcxx + I*b~2)/c))*abs(c)*cos(-1/4*x(b"2 - 4*axc)
/c) — 24xb"2xckx(gamma(3/2, 1/4x(4xI*c™2%x"2 + 4xIxb*cxx + I*b~2)/c) + gamma
(38/2, —-1/4%x(4xI*xc”2xx"2 + 4xI*bkxcxx + I*b~2)/c))*abs(c)*sin(-1/4*x(b"2 - 4xa
xc)/c))*x)*cos(3/2*arctan2 ((4*xc™2xx"2 + 4*bxc*x + b~2)/c, 0)) + ((I*sqrt(pi
)*(erf (1/2*xsqrt ((4*I*c™2*x"2 + 4xIxbkxckxx + I*¥b~2)/c)) - 1) - Ixsqrt(pi)*(er
f(1/2%sqrt (- (4*I*c™2%x72 + 4*xI*bxc*x + I*b72)/c)) - 1))*b"b*xcos(-1/4*x(b"2 -
4xaxc)/c) + (sqrt(pi)*(erf(1/2*sqrt((4*xI*c”2xx"2 + 4*xIxb*cxx + I*b~2)/c))
- 1) + sqrt(pi)*(erf(1/2*xsqrt(-(4*xI*c™2%x"2 + 4xIxb*cxx + I*b~2)/c)) - 1))*
b 5*sin(-1/4%(b"2 - 4xaxc)/c) + ((8xIxsqrt(pi)*(erf(1/2*xsqrt((4*xI*c™2*x"2 +
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4xI*bxc*xx + I*b72)/c)) - 1) - 8xIxsqrt(pi)*(erf(1/2xsqrt(-(4*I*c™2%x"2 + 4
xI*xbxcxx + I*¥b72)/c)) - 1))*b~2*c"3*cos(-1/4*% (b2 - 4xaxc)/c) + 8*(sqrt(pi)
x(erf (1/2*sqrt ((4xI*xc™2xx"2 + 4*xIxb*cxx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(l
/2%sqrt (- (4%Ixc~2%x"2 + 4*Ixbxc*x + I*b~2)/c)) - 1))*b~2xc~3*sin(-1/4x(b~2
- 4xaxc)/c))*x"3 + ((12%Ixsqrt(pi)*(erf (1/2*sqrt((4*I*c™2*x"2 + 4*Ixbkcxx +

I¥b~2)/c)) - 1) - 12xI*sqrt(pi)*(erf(1/2xsqrt(-(4*xI*c~2%xx"2 + 4*Ixb*cxx +
I¥b~2)/c)) - 1))*b~3*c™2*cos(-1/4*(b"2 - 4xaxc)/c) + 12x(sqrt(pi)*(erf(1/2%
sqrt ((4xI*c™2xx"2 + 4*xIxb*cxx + I*xb~2)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(
4xI*c™2%x72 + 4xI*bkxcxx + I*b72)/c)) - 1))*b~3*%c™2xsin(-1/4%(b~2 - 4*axc)/c
))*x72 + ((6%Ixsqrt(pi)*(erf(1/2*%sqrt((4*I*c™2*xx"2 + 4*xIxbxcxx + I*b~2)/c))

- 1) - 6*%Ixsqrt(pi)*(erf(1/2*%sqrt (- (4*I*c™2%x"2 + 4*xIxb*cxx + I*b~2)/c)) -

1)) *b~4xc*xcos(-1/4x(b"2 - 4xaxc)/c) + 6x(sqrt(pi)*(erf (1/2xsqrt ((4*Ixc™2%*x
T2 + 4xIxbxc*x + I*b72)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*I*c™2*x"2 + 4
xIxb*xcxx + I*b~2)/c)) - 1))*b~4xc*xsin(-1/4*(b~2 - 4xax*xc)/c))*x)*cos(1/2*arc
tan2 ((4*c™2xx"2 + 4xbxc*x + b~2)/c, 0)) - (4xb~3*(gamma(3/2, 1/4*(4xI*c”2%x
T2 + 4xIxbxc*xx + I*b~2)/c) + gamma(3/2, -1/4*%(4*xIxc”2*x"2 + 4*xIxb*xc*x + I*b
~2)/c))*abs(c)*cos(-1/4*%(b~2 - 4xaxc)/c) - b~ 3*(4xIxgamma(3/2, 1/4x(4*xIxc~2
*x"2 + 4xIxbxckx + I*b~2)/c) - 4xIxgamma(3/2, -1/4%(4*I*c™2xx"2 + 4*xIxbxc*x

+ I*b~2)/c))*abs(c)*sin(-1/4%(b"2 - 4xa*c)/c) + (32xc”3*(gamma(3/2, 1/4*(4
xI*Cc72%x72 + 4xIxb*cxx + Ixb~2)/c) + gamma(3/2, -1/4%(4*I*c™2%x"2 + 4xIxb*c
*x + I*b~2)/c))*abs(c)*cos(-1/4%(b~2 - 4*axc)/c) - c~3x(32*I*gamma(3/2, 1/4
*x(4xI*c™2%x72 + 4xIxbkxcxx + I*b72)/c) - 32%Ikxgamma(3/2, -1/4*%(4*xI*c™2%xx"2 +

4xIxb*xc*xx + Ixb~2)/c))*abs(c)*sin(-1/4*(b"2 - 4xaxc)/c))*x"3 + (48*b*xc™2x(
gamma (3/2, 1/4%(4*I*xc™2*x72 + 4xI*bkxc*x + I*b72)/c) + gamma(3/2, -1/4*(4*Ix
CT2%x72 + 4xIxbxc*x + I*¥b~2)/c))*abs(c)*cos(-1/4*%(b"2 - 4*axc)/c) - b*xc™2x*(
48*xI+gamma (3/2, 1/4*%(4*xIxc”2*xx"2 + 4*xIxb*xc*x + I*b~2)/c) - 48*Ixgamma(3/2,
—-1/4% (4%xI*c™2xx"2 + 4*Ixb*ckxx + I*b~2)/c))*abs(c)*sin(-1/4%(b~2 - 4*axc)/c)
)*¥x72 + (24%b"2%cx(gamma(3/2, 1/4%(4*I*c”2%x"2 + 4*Ixbkcxx + I*b72)/c) + ga
mma(3/2, -1/4x(4%xIxc”2%x"2 + 4xIxbkxcxx + I*b~2)/c))*abs(c)*cos(-1/4x(b"2 -
4xa*xc)/c) - b 2xc*(24xI*xgamma(3/2, 1/4x(4xI*c™2%x"2 + 4xIxb*xcxx + I*xb~2)/c)

- 24xIxgamma(3/2, -1/4%(4*I*c™2*x"2 + 4xI*xbxc*x + I*b~2)/c))*abs(c)*sin(-1
/4% (b~2 - 4xaxc)/c))*x)*sin(3/2*xarctan2((4*c™2*%x"2 + 4*b*xcxx + b~2)/c, 0))
+ ((sqrt(pi)*(erf (1/2*sqrt ((4*I*c”™2*x"2 + 4xI*bxc*x + I*b~2)/c)) - 1) + sqr
t(pi)*(erf (1/2*sqrt (- (4*I*c™2*%x"2 + 4xI*bxc*x + I*b~2)/c)) - 1))*b~5E*xcos(-1
/4% (b~2 - 4xaxc)/c) + (-I*xsqrt(pi)*(erf(1/2xsqrt((4*I*c™2*%x"2 + 4*xI*xbxc*x +

I¥b~2)/c)) - 1) + Ixsqrt(pi)*(erf(1/2*sqrt(-(4*I*xc™2*x"2 + 4*Ixb*xc*x + I*b
72)/c)) - 1))*b"5*xsin(-1/4%(b"2 - 4x*axc)/c) + (8*(sqrt(pi)*(erf(1/2*sqrt((4
xIkCc™2%xx"2 + 4xIxbkxcxx + Ixb72)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*xI*xc”2
*x"2 + 4xIxbxckx + I*b~2)/c)) - 1))*b"2xc"3*cos(-1/4*%(b"2 - 4xaxc)/c) + (-8
xI*xsqrt (pi)*(erf (1/2xsqrt ((4*Ixc™2*%x"2 + 4*I*xbxc*x + I*b~2)/c)) - 1) + 8xIx
sqrt (pi)*(erf (1/2*xsqrt (- (4*xI*c™2+x72 + 4*xIxb*cxx + Ixb~2)/c)) - 1))*b~2%c”3
*sin(-1/4%(b~2 - 4*axc)/c))*x"3 + (12x(sqrt(pi)*(erf (1/2*sqrt ((4*xIxc~2*x"2
+ 4xIxbxc*x + I*b72)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*I*c™2*%x"2 + 4*Ix
bxc*xx + I*b~2)/c)) - 1))*b~3*c”2*xcos(-1/4x(b~2 - 4xaxc)/c) + (-12%Ixsqrt(pi
)k (erf (1/2*%sqrt ((4*I*xc™2*x"2 + 4xI*bxcxx + I*b~2)/c)) - 1) + 12*%Ixsqrt(pi)=*
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(erf (1/2*sqrt (- (4*I*xc™2*x"2 + 4xI*bxc*x + I*b~2)/c)) - 1))*b~3*%c " 2xsin(-1/4
x(b72 - 4xaxc)/c))*x"2 + (6x(sqrt(pi)*(erf(1/2xsqrt((4*I*xc™2%xx"2 + 4*Ixb*cx
x + I*xb72)/c)) - 1) + sqrt(pi)*(erf(1/2*%sqrt(-(4*xI*c™2xx"2 + 4*Ixb*ckxx + Ix
b~2)/c)) - 1))*b~4xc*cos(-1/4%(b"2 - 4xaxc)/c) + (-6xIxsqrt(pi)*(erf(1/2*sq
rt ((4*I*c™2%x"2 + 4*xI*bkxcxx + I*b~2)/c)) - 1) + 6xIxsqrt(pi)*(erf(1/2xsqrt(
- (4*%I*xc™2%x"2 + 4xIxb*c*xx + I*b~2)/c)) - 1))*b~4*c*xsin(-1/4%(b"2 - 4*axc)/c
))*x)*sin(1/2*%arctan2 ((4*c™2xx"2 + 4*bxc*xx + b72)/c, 0)))/(c™3*((4*c™2%x™2

+ 4xbkxcxx + b~2)/abs(c))~(3/2)*abs(c))

Fricas [A] time = 1.55497, size = 448, normalized size = 1.8

_ - V2Q2ex+b)[ = _ - :
\/E(nbz sin (——b244c‘ac) + 2 71C COS (— i 4uc)) C [—: \/:) + \/E(nbz cOS (——bz 4ac) - 2mcsin (—bziac)) % S(

4c i 2 4c

8c3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(c*x~2+bx*x+a),x, algorithm="fricas")

[Out] 1/8*(sqrt(2)*(pi*b~2*sin(-1/4*%(b~2 - 4*axc)/c) + 2*pi*ckcos(-1/4x(b"2 - 4xa
xc)/c))*sqrt(c/pi)*fresnel cos(1/2*xsqrt(2)*(2*c*x + b)*sqrt(c/pi)/c) + sqrt
(2)*x(pixb~2*cos(-1/4%(b"2 - 4xax*xc)/c) - 2*pi*c*xsin(-1/4x(b~2 - 4*axc)/c))*s
qrt(c/pi)*fresnel sin(1/2*sqrt(2)*(2*c*x + b)*sqrt(c/pi)/c) - 2% (2%c™2xx -
b*c)*cos(c*x™2 + b*x + a))/c”3

Sympy [F] time = 0., size = 0, normalized size = 0.

fxz sin (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*sin(c*x**2+b*x+a),x)

[Out] Integral (x**2*sin(a + b*x + c*x**2), X)
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Giac [C] time = 2.97246, size = 306, normalized size = 1.23

4c

i \/Ex/ﬁ(bz—Zi c) erf(—i \/5(2 x+§)(f

~ i \/Eﬁ(b2+2ic) erf(—i \/5(2 x+§)(—f{l+1) |c|)e(
(%H) B

ic
(_H”) I

i (c(2ix + %’) _ i b)e(”xz”bx*i“)

16 ¢
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(c*x~2+bxx+a),x, algorithm="giac")

[Out] -1/16%(-I*sqrt(2)*sqrt(pi)* (b2 + 2%Ixc)*erf(-1/4*sqrt(2)*(2*x + b/c)*(-I*c
/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4x(Ixb~2 - 4*Ixaxc)/c)/((-Ixc/abs(c) + 1)*
sqrt(abs(c))) - 2xIx(c*(2%I*xx + Ixb/c) - 2%I*b)*e” (Ixc*x~2 + Ixb*x + I*a))/
c™2 - 1/16%(I*sqrt(2)*sqrt(pi)*(b~2 - 2*xIxc)*erf (-1/4*sqrt(2)*(2*x + b/c)*(
Ixc/abs(c) + 1)xsqrt(abs(c)))*e”(-1/4x(-Ixb~2 + 4xIxaxc)/c)/((I*c/abs(c) +
D xsqrt(abs(c))) - 2*%Ix(cx(2xI*x + I*b/c) - 2%xIxb)*e” (-I*c*xx"2 - I*b*xx - Ix

a))/c"2
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3.2 fxsin (a + bx + cxz) dx

Optimal. Leaf size=123

\/gb sin (a - Z—i) FresnelC( bl ) \/7b cos (a - —) (?\2/%) cos (a by + sz)

2c3/2 2c3/2 2c

[Out] -Cos[a + bxx + c*xx~2]/(2%c) - (b*Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelS[(b
+ 2%c*x)/(Sqrt [c]*Sqrt [2*xPi])])/(2*xc~(3/2)) - (b*Sqrt[Pi/2]*FresnelC[(b + 2
xc*x)/(Sqrt [c]*Sqrt [2*Pi])]*Sin[a - b72/(4*c)])/(2xc~(3/2))

Rubi [A] time = 0.0371549, antiderivative size = 123, normalized size of antiderivative
1., number of steps used = 4, number of rules used = 4, integrand size = 13, number of rules _

integrand size
0.308, Rules used = {3461, 3447, 3351, 3352}

\/717 sin (a - —) FresnelC( br2cx ) \/717 cos( ) (\I;f\z/;in) cos (a by + sz)

2c3/2 232 2c

Antiderivative was successfully verified.

[In] Int[x*Sin[a + b*x + c*x"2],x]

[Out] -Cos[a + b*x + c*x72]/(2xc) - (b*Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelS[(b
+ 2%c*x)/(Sqrt[c]*Sqrt [2*xPi])])/(2*xc~(3/2)) - (b*Sqrt[Pi/2]*FresnelC[(b + 2
xcxx) / (Sqrt [c]*Sqrt [2#Pi])]*Sinl[a - b~2/(4*c)])/(2xc~(3/2))

Rule 3461

Int[((d_.) + (e_.)*(x_))*Sin[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol]

:> -Simp[(exCos[a + bxx + c*x72])/(2*c), x] + Dist[(2%c*d - b*e)/(2xc), Int
[Sin[a + b*x + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
*xe, 0]

Rule 3447

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*xc)], Int[Sin[(b + 2*xc*x)"2/(4x*c)], x], x] - Dist[Sin[(b~2 - 4x*axc)/
(4xc)], Int[Cos[(b + 2xcxx)~2/(4xc)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]
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Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, xI]
Rule 3352
Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1C[Sqrt[2/Pil*Rt[d, 2]*(e + fxx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps

oS (a +bx + cxz) b fsin (a +bx + cxz) dx

fxsin(a+bx+cx2) dx = —

2c - 2c

CoS (a + bx + cxz) (b cos ( )) fS ((b+zcx)2) X (b sin (a - —)) fc ((b+2“‘)
2c

cos (a + bx + cx b\/7COS (ﬂ - —) ( A ) b\/7C( bracy ) i (a - Z—i)
2c 20312 203/2

Mathematica [A] time = 0.371194, size = 111, normalized size = 0.9

\/2_7zb sin (a - —) FresnelC ( br2cx ) +V2mb cos ( ) S (jff/ci) +2+/ccos(a + x(b + cx))
4¢3/

Antiderivative was successfully verified.

[In] Integrate[x*Sin[a + b*x + c*x"2],x]

[Out] -(2*Sqrt[c]*Cos[a + xx(b + c*x)] + b*Sqrt[2#Pi]*Cos[a - b~2/(4*c)]*FresnelS
[(b + 2xc*x)/(Sqrt[cl*Sqrt[2*Pi])] + b*Sqrt[2*Pi]*FresnelC[(b + 2*c*x)/(Sqr
t[c]*Sqrt [2*Pi])]*Sin[a - 172/ (4xc)])/(4xc~(3/2))

Maple [A] time = 0.007, size = 100, normalized size = 0.8

el ) A [ e (% s %) L) Fresnelc[

Verification of antiderivative is not currently implemented for this CAS.

56
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[In] int(x*sin(c*x~2+b*x+a),x)

[Out] -1/2*cos(cxx~2+b*x+a)/c-1/4xb/c”(3/2)*2~(1/2)*Pi~(1/2)*(cos((1/4xb~2-c*a)/c
Y*¥FresnelS(2°(1/2)/Pi~(1/2)/c”(1/2) *(cxx+1/2%b))-sin((1/4*xb~2-c*a)/c) *Fresn
elC(27(1/2)/Pi~(1/2)/c~(1/2) *(c*x+1/2%b)))

Maxima [C] time = 2.72878, size = 1305, normalized size = 10.61

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(c*x~2+b*x+a),x, algorithm="maxima")
g g

[Out] -1/8*(((I*sqrt(pi)*(erf(1/2*sqrt((4*xI*c”2xx"2 + 4*xIxb*c*xx + I*xb~2)/c)) - 1)
- Ixsqrt(pi)*(erf (1/2*xsqrt(-(4xI*c™2%x"2 + 4*xIxb*cxx + Ixb~2)/c)) - 1))*b~
2xcos(-1/4x(b"2 - 4xaxc)/c) + (sqrt(pi)*(erf(1/2*sqrt((4*xI*c™2%xx"2 + 4*Ixbx
cxx + I*¥b~2)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*xI*c™2*xx"2 + 4*Ixb*cxx +
I¥b"2)/c)) - 1))*b"2*%sin(-1/4x(b~2 - 4x*axc)/c) + ((2xI*sqrt(pi)*(erf(1/2*xsq
rt ((4*I*xc™2%x"2 + 4*Ixb*ckx + I*b~2)/c)) - 1) - 2*Ixsqrt(pi)*(erf(1/2*sqrt(
—(4*%Ixc™2+x72 + 4xIxb*c*x + I*b~2)/c)) - 1))*xbxc*xcos(-1/4*%(b~2 - 4xaxc)/c)
+ 2x(sqrt(pi)*(erf (1/2xsqrt ((4*Ixc™2%x”"2 + 4*xIxbxc*x + I*b"2)/c)) - 1) + sq
rt(pi)*(erf (1/2*sqrt (- (4*I*xc™2%x72 + 4*xI*bxc*x + I*b~2)/c)) - 1))*bxc*sin(-
1/4%(b~2 - 4*axc)/c))*x)*cos(1/2*%arctan2((4*xc™2%x"2 + 4xb*c*x + b~2)/c, 0))
+ ((sqrt(pi)*(erf (1/2xsqrt ((4*Ixc~2*x"2 + 4xIxbxc*x + I*b~2)/c)) - 1) + sq
rt(pi)*(erf (1/2*%sqrt (- (4*xI*c™2xx"2 + 4*xIxb*cxx + Ixb~2)/c)) - 1))*b"2x*cos(-
1/4% (b2 - 4xaxc)/c) + (-I*xsqrt(pi)*(erf(1/2xsqrt((4*Ixc™2*x"2 + 4*xI*xb*c*x
+ I*b~2)/c)) - 1) + Ixsqrt(pi)*(erf(1/2*xsqrt(-(4*xI*c™2*x"2 + 4xIxb*cxx + Ix
b~2)/c)) - 1))*b"2xsin(-1/4%(b~2 - 4*axc)/c) + (2*(sqrt(pi)*(erf(1/2*sqrt((
4xT*c™2%x72 + 4xIxbkxcxx + I*b72)/c)) - 1) + sqrt(pi)*(erf(1/2xsqrt(-(4*I*c”
2*%x72 + 4xI*bkxckxx + I*b72)/c)) - 1))*b*ckcos(-1/4x(b"2 - 4xaxc)/c) + (-2*Ix
sqrt(pi)*(erf (1/2*sqrt ((4*I*c™2*x"2 + 4xI*bxc*x + I*b~2)/c)) - 1) + 2xI*sqr
t(pi)*(erf (1/2*sqrt (- (4*I*c™2*x"2 + 4*I*bxc*x + I*b~2)/c)) - 1))*b*cksin(-1
/4% (b~2 - 4*axc)/c))*x)*sin(1/2*xarctan2((4*c”2*xx"2 + 4*bxc*x + b~2)/c, 0))
+ (2kckx(e” (1/4% (4*I*c™2xx™2 + 4*xIxbxckxx + I*b72)/c) + e (-1/4*(4*I*c™2%x"2
+ 4xIxb*xc*x + Ixb~2)/c))*cos(-1/4%(b"2 - 4xaxc)/c) + c*x(2xIxe” (1/4*(4xI*c"2
*X"2 + 4xIxbxcxx + I*b~2)/c) - 2xIxe”(-1/4*%(4*I*c™2+x"2 + 4xIxb*c*x + Ixb~2
)/c))*sin(-1/4%(b~2 - 4xaxc)/c))*sqrt((4*xc™2%x"2 + 4xb*cxx + b~2)/abs(c)))/
(c™2xsqrt ((4*c™2*x"2 + 4xb*xc*x + b~2)/abs(c)))
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Fricas [A] time = 1.5618, size = 325, normalized size = 2.64

_ V22 cx+b)\[= V2@ cx+b) | = _
\/Enb\/g COoS (—bziac) S ( 2: \/;J + \/Enb\/gC [2—:\/:) sin (—%) +2ccos (cx2 +bx + a)

42

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/4x(sqrt(2)*pi*b*sqrt(c/pi)*cos(-1/4%(b~2 - 4*axc)/c)*fresnel_sin(1/2*sqr
t(2)*(2%c*x + b)*sqrt(c/pi)/c) + sqrt(2)*pi*b*sqrt(c/pi)*fresnel cos(1/2*sq
rt(2)*(2xcxx + b)*sqrt(c/pi)/c)*sin(-1/4% (b2 - 4xaxc)/c) + 2xc*cos(cxx™2 +

bxx + a))/c”2

Sympy [F] time = 0., size = 0, normalized size = 0.

fxsin (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(c*x**2+b*x+a),x)

[Out] Integral(x*sin(a + b*x + c*x**2), Xx)

Giac [C] time = 1.22087, size = 247, normalized size = 2.01

_ib%diac il 4diac

(e )l ezl )

. 2 . .
el + 28(1 cX“+i bx+za) c

B )
8c 8c

+92 e(—i cx?—ib;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(c*x~2+b*x+a),x, algorithm="giac")
g g g

[Out] -1/8%(I*sqrt(2)*sqrt(pi)*bxerf(-1/4*sqrt(2)*(2xx + b/c)*(-I*xc/abs(c) + 1)*s
grt(abs(c)))*e~(-1/4%(I*b~2 - 4xIxa*xc)/c)/((-I*xc/abs(c) + 1)xsqrt(abs(c)))
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+ 2%xe” (I*c*xx"2 + Ixbxx + I*a))/c - 1/8%(-Ixsqrt(2)*sqrt(pi)*b*erf(-1/4*sqrt
(2)*(2*x + b/c)*(I*xc/abs(c) + 1)*sqrt(abs(c)))*e” (-1/4*(-I*b"2 + 4xIxaxc)/c
)/ ((Ixc/abs(c) + 1)xsqrt(abs(c))) + 2*e”(-Ikcxx"2 - Ixbxx - Ixa))/c
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3.3 fsin (a + bx + cxz) dx

Optimal. Leaf size=97
o b2 b+2cx 4 b2 b+2cx
\/;sm (a—;)FresnelC(\/z_m/E) \/;cos (u—Z)S(\/E\/Z—n)
+
Ve Ve

[Out] (Sqrt[Pi/2]*Cosl[a - b~2/(4*c)]+*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[2xPi])])/
Sqrt[c] + (Sqrt[Pi/2]*FresnelC[(b + 2*c*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a - b~
2/ (4xc)])/Sqrt[c]

Rubi [A] time = 0.0212291, antiderivative size = 97, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 11, e -

0.273, Rules used = {3447, 3351, 3352}

T »? b+2cx T »? b+2cx
\/;sm (a—;)FresnelC(\/z_m/E) \/;cos (Q_E)S(\/z\/ﬁ)
+
Ve Ve

integrand size

Antiderivative was successfully verified.

[In] Int[Sin[a + b*x + c*x~2],x]

[Out] (Sqrt[Pi/2]*Cosl[a - b~2/(4*c)]+*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[2xPi])])/
Sqrt[c] + (Sqrt[Pi/2]*FresnelC[(b + 2*c*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a - b~
2/ (4xc)]1)/Sqrt[c]

Rule 3447

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Int[Sin[(b + 2xc*x)"2/(4*c)], x], x] - Dist[Sin[(b~2 - 4*ax*c)/
(4xc)], Int[Cos[(b + 2xc*xx)~2/(4%c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)]1)/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352
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Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, xl

Rubi steps

fsin (a+bx+cx2) dx = cos (a— Z—i) ((b+2cx)2) dx +s1n( )fcos (W) dx
el 2)s() el

Ve Ve

Mathematica [A] time = 0.172663, size = 84, normalized size = 0.87

\/Z(sm (a - 4—)Fresne1C (\/_\/_) + cos (a bZ)S (5;2/%))
\/E

Antiderivative was successfully verified.

[In] Integrate[Sin[a + b*x + c*x~2],x]

[Out] (Sqrt[Pi/2]*(Cos[a - b~2/(4*c)]*FresnelS[(b + 2x*c*x)/(Sqrtlc]l*Sqrt[2*Pi])]
+ FresnelC[(b + 2xc*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a - b~2/(4*c)]))/Sqrt[c]

Maple [A] time = 0.007, size = 82, normalized size = 0.9

L I S I I EISE RN

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(c*x™2+b*x+a),x)

[Out] 1/2*2~(1/2)*Pi~(1/2)/c”(1/2)*(cos((1/4*xb"2-c*a)/c)*FresnelS(2"(1/2)/Pi~(1/2
)/c”(1/2) % (cxx+1/2%b) )-sin((1/4*xb~2-c*a) /c) *FresnelC(2~(1/2) /Pi~(1/2)/c~(1/
2)* (cxx+1/2%b)))




41

Maxima [C] time = 2.31587, size = 393, normalized size = 4.05

. 1 1 . 1 1 (1 1 (1 1
ﬁ(((—z cos (Z m + 5 arctan (0, c)) —1i cos (_Z 7 + 5 arctan (0, c)) —sin (Z m + 5 arctan (0, c)) + sin (_Z T+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a),x, algorithm="maxima")

[Out] -1/8x*sqrt(pi)*(((-Ixcos(1/4*pi + 1/2%arctan2(0, c)) - Ixcos(-1/4*pi + 1/2xa
rctan2(0, c)) - sin(1/4*pi + 1/2%arctan2(0, c)) + sin(-1/4*pi + 1/2%arctan2
(0, c)))*cos(-1/4%("2 - 4*a*xc)/c) - (cos(1/4xpi + 1/2*arctan2(0, c)) + cos
(-1/4%pi + 1/2%arctan2(0, c)) - Ixsin(1/4*pi + 1/2%arctan2(0, c)) + Ixsin(-
1/4*%pi + 1/2%arctan2(0, c)))*sin(-1/4%(b~2 - 4*axc)/c))*erf (1/2*(2*I*xc*x +
I*b)/sqrt(I*c)) + ((-Ixcos(1/4*pi + 1/2xarctan2(0, c)) - Ixcos(-1/4*pi + 1/
2*¥arctan2(0, c)) + sin(1/4*pi + 1/2*arctan2(0, c)) - sin(-1/4*xpi + 1/2xarct
an2(0, c)))*cos(-1/4*(b~2 - 4xaxc)/c) + (cos(1/4*pi + 1/2*arctan2(0, c)) +
cos(-1/4*pi + 1/2*%arctan2(0, c)) + Ixsin(1/4*pi + 1/2%arctan2(0, c)) - Ixsi
n(-1/4*pi + 1/2*%arctan2(0, c)))*sin(-1/4%(b~2 - 4x*axc)/c))*xerf (1/2*(2*I*xc*x
+ I*b)/sqrt(-Ixc)))/sqrt(abs(c))

Fricas [A] time = 1.34997, size = 279, normalized size = 2.88

- _aac\ [ V2@ex+b)y < = [ V2@ex+b) = —4ac
\/En\/;cos (_bz;i )s[ 2: ‘/;) + \/En\/;C [Z—ZJ;]sin (—%)

2c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/2%(sqrt(2)*pixsqrt(c/pi)*cos(-1/4%(b"2 - 4xa*c)/c)*fresnel_sin(1/2*sqrt(2
)*(2xc*xx + b)*sqrt(c/pi)/c) + sqrt(2)*pixsqrt(c/pi)*fresnel cos(1/2*sqrt(2)
*x(2xc*x + b)*sqrt(c/pi)/c)*sin(-1/4%(b~2 - 4*axc)/c))/c

Sympy [A] time = 0.547151, size = 88, normalized size = 0.91

(o) 232) ol 2 )
2
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sin(c*x**2+b*x+a),x)

[Out] sqrt(2)*sqrt(pi)*(sin(a - b**2/(4*c))*fresnelc(sqrt(2)*(b + 2*cxx)/(2*sqrt(
pi)*sqrt(c))) + cos(a - b*x2/(4*c))*fresnels(sqrt(2)*(b + 2xc*x)/(2*sqrt(pi

)xsqrt(c))))*sqrt(1/c)/2

Giac [C] time = 1.21517, size = 182, normalized size = 1.88
' (_ib2—4iac) _ (_ —ib2+4iac)
i\/ix/ﬁerf(—i \/§(2x+ é)(—% +1) |c|)e 4 i\/iﬁerf(—jz \/§(2x+ é)(% +1) |c|)e 4
4(_H +1) |c| 4(@ +1) |c|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a),x, algorithm="giac")

[Out] 1/4*I*xsqrt(2)*sqrt(pi)*erf(-1/4*sqrt(2)*(2*x + b/c)*(-I*c/abs(c) + 1)*sqrt(
abs(c)))*e” (-1/4%x(I*xb~2 - 4xIxax*xc)/c)/((-Ixc/abs(c) + 1)*sqrt(abs(c))) - 1/
4xIxsqrt (2) *sqrt (pi) *erf (-1/4*sqrt(2) *(2%x + b/c)*(I*c/abs(c) + 1)*sqrt(abs
(c)))*e”~(-1/4x(-I*b"2 + 4xIxaxc)/c)/((I*c/abs(c) + 1)*sqrt(abs(c)))
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f sin(a+bx+cx2) q
X

X

3.4

Optimal. Leaf size=17

sin (a +bx + cxz) ]
X

Unintegrable ( "

[Out] Unintegrable[Sin[a + b*x + c*xx"2]/x, x]

Rubi [A] time = 0.0082178, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————
integrand size

*)

Rules used = {}

dx

f sin (a +bx + cxz)

X

Verification is Not applicable to the result.

[In] Int[Sin[a + b*x + c*xx~2]/x,x]
[Out] Defer[Int] [Sin[a + b*x + c*x"2]/x, x]

Rubi steps

dx

f sin (a + bx + cxz) ; f sin (a +bx + cxz)
x =
X

X

Mathematica [A] time = 4.17324, size = 0, normalized size = 0.

dx
X

f sin (a +bx + cxz)

Verification is Not applicable to the result.

[In] Integrate[Sin[a + b*x + c*xx~2]/x,x]

[Out] Integrate[Sin[a + b*x + c*x~2]/x, x]
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Maple [A] time = 0.047, size = 0, normalized size = 0.

dx

f sin (cx2 +bx + a)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(c*x"2+b*x+a)/x,x)

[Out] int(sin(c*x~2+b*x+a)/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

: 2
f sin (cx ;— bx + a) 0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)/x,x, algorithm="maxima"

[Out] integrate(sin(c*x™2 + b*x + a)/x, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

sin (cx2 + bx + a)
X
x

integral [

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)/x,x, algorithm="fricas")

[Out] integral(sin(c*x”2 + b*x + a)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

: 2
fsm(a+91:x+cx)dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x**2+b*x+a)/x,x)

[Out] Integral(sin(a + b*x + cxx**2)/x, x)

45

Giac [A] time = 0., size = 0, normalized size = 0.

dx

f sin (cx2 +bx + a)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)/x,x, algorithm="giac")

[Out] integrate(sin(c*x~2 + b*x + a)/x, x)
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dx

_|_

X xz

35 f B b cos(a+bx+cx2) sin(a+bx+cx2)

Optimal. Leaf size=110

b2 b+ 2cx B2 b+2cx) sin (a + bx + cxz)
V27m/e cos (a— —) FresnelC( ]— V2m/esin (a— —)S( )—
4c w/Zn\/E 4c \ev2n X

[Out] Sqrt(lcl*Sqrt[2xPi]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt[2x*
Pi])] - Sqrtlcl*Sqrt[2+Pi]*FresnelS[(b + 2xc*x)/(Sqrt[c]*Sqrt[2+Pi])]*Sin[a
- b72/(4xc)] - Sin[a + bxx + cxx"2]/x

Rubi [A] time = 0.0831945, antiderivative size = 110, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 4, integrand size = 33, number of rules _

integrand size
0.121, Rules used = {3465, 3448, 3352, 3351}

sin (a + bx + cxz)

s~ 2 e S22y o- £)£222)-

X

Antiderivative was successfully verified.

[In] Int[-((b*Cos[a + b*x + c*x~2])/x) + Sin[a + b*x + c*xx~2]/x"2,x]

[Out] Sqrtlcl*Sqrt[2xPil*Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt [2x*
Pi])] - Sqrtlcl*Sqrt[2*Pi]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[2+Pi])]*Sin[a
- b"2/(4*%c)] - Sin[a + b*x + c*xx"2]/x

Rule 3465

Int[((d_.) + (e_.)*(x_)) " (m_)*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sym
bol] :> Simp[((d + e*x)~(m + 1)*Sinf[a + b*x + c*xx"2])/(ex(m + 1)), x] + (-D
ist[(2xc)/(e”2%(m + 1)), Int[(d + e*xx) " (m + 2)*Cosl[a + b*x + c*x~2], x], x]
- Dist[(b*e - 2*%c*xd)/(e”2*%(m + 1)), Int[(d + e*x)"(m + 1)*Cos[a + b*x + c*
x~2], x], x]) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2%c*d, 0] && LtQ[m,
-1]

Rule 3448

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Int[Cos[(b + 2%c*x)72/(4*c)], x], x] + Dist[Sin[(b~2 - 4xaxc)/
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(4xc)], Int[Sin[(b + 2xcxx)"2/(4xc)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3352

Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]*(e + fxx)1)/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3351
Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[8qrt[2/Pi]*Rt[d, 2]*(e + fxx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps

+
X x2 X x2

f[ bcos(a+bx+cx2) sin(a+bx+cx2)]d (bfcos(a+bx+cx2)d] fsin(a+bx+cx2)d
— X =- x|+ X

sin (a + bx + cxz)

=~ + (20) fcos (a + bx + cxz) dx
x
sin (a + bx + cx? 2 2
=— ( ) +(20c:os(a—b—))fcos(w) dx
X 4c 4c

= VeV2m cos (a— Z_i)c(lj/;\/zzc_ﬂ - W@S(i/;jzc_i)sin (a—

Mathematica [A] time = 0.792563, size = 110, normalized size = 1.

4c Vevan

X

12 b+ 2cy V2m+/exsin (a -~ b—z) S ( br2cx ) + sin(a + x(b + cx))
\/2_71\/5 cos (a - —) FresnelC ( ] -
4c \/2_7-(\/5

Antiderivative was successfully verified.

[In] Integrate[-((b*Cos[a + b*x + c*xx"2])/x) + Sin[a + b*x + c*xx"2]/x72,x]

[Out] Sqrtlc]*Sqrt[2#Pi]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt[2*
Pi])] - (Sqrtlcl*Sqrt[2*Pi]*x*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])]*Si
nla - b72/(4*c)] + Sin[a + xx(b + cxx)])/x
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Maple [F] time = 0.198, size = 0, normalized size = 0.

dx

=+

b cos (cx2 +bx + a) sin (cx2 +bx + a)
f - x x?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-bx*cos(c*x"2+b*x+a)/x+sin(c*x"2+b*x+a)/x"2,x)

[Out] int(-b*cos(c*x~2+b*x+a)/x+sin(c*x”2+b*x+a)/x"2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

+

f b cos (cx2 +bx + a) sin (cx2 + bx + a)
X X2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-bxcos(c*x”2+b*x+a)/x+sin(c*x"2+b*x+a)/x"2,x, algorithm="maxima")

[Out] integrate(-b*cos(c*x”2 + bxx + a)/x + sin(c*x"2 + b*x + a)/x"2, x)

Fricas [A] time =1.41277, size = 311, normalized size = 2.83

2_ V22 cx+b) [ = V2(2 cx+b) [ = 2_
‘/Enx\/g cos (—b 4”) C ( Czc \/:J - \/Enx\/gS (Cz—c‘/;] sin (—b ﬁ”c) —sin (cx2 + bx + a)

4c

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-bxcos(c*x~2+b*x+a)/x+sin(c*x”~2+b*x+a)/x"2,x, algorithm="fricas")

[Out] (sqrt(2)*pi*x*sqrt(c/pi)*cos(-1/4*(b~2 - 4*axc)/c)*fresnel cos(1/2xsqrt(2)*
(2%c*x + b)*sqrt(c/pi)/c) - sqrt(2)*pi*x*sqrt(c/pi)*fresnel_sin(1/2*sqrt(2)
*x(2xc*x + b)*sqrt(c/pi)/c)*sin(-1/4%(b~2 - 4*axc)/c) - sin(c*x™2 + b*x + a)

)/x
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Sympy [F] time = 0., size = 0, normalized size = 0.

dx

sin (a + bx + cx?) bcos (a + bx + cx?)
e, g

x x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-bxcos(c*x**2+b*x+a)/x+sin(c*x**2+bxx+a)/x**2,x%)

[Out] -Integral(-sin(a + b*x + c*x**2)/x**2, x) - Integral(bxcos(a + bxx + c*xx**2

)/x, %)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

+

b cos (cx2 +bx + a) sin (cx2 +bx + a)
f - x x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-bxcos(c*x~2+b*x+a)/x+sin(c*x"2+b*x+a)/x"2,x, algorithm="giac")

[Out] integrate(-bxcos(c*x”2 + b*x + a)/x + sin(c*x"2 + b*x + a)/x"2, x)
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3.6 fxz sin (a + bx — cxz) dx

Optimal. Leaf size=251

\/gbzsin(a+2—i)FresnelC(j_23_) \/7COS( +Z—i)Fresne1C(5_2ij_) \/7$1n(a+ ) (bzcx) \/7b200<

4C5/2 2C3/2 263/2

[Out] (b*Cos[a + b*x - c*xx72])/(4%c”2) + (x*Cos[a + b*x - c*x72])/(2%c) + (Sqrt[P
i/2]*Cos[a + b~2/(4*c)]*FresnelC[(b - 2xc*x)/(Sqrt[c]l*Sqrt[2*Pi])])/(2*c™(3

/2)) + (b~2*%Sqrt[Pi/2]*Cos[a + b~2/(4*c)]*FresnelS[(b - 2*cxx)/(Sqrt[c]*Sqr
t[2*%Pi])])/(4*c~(5/2)) - (b~2*Sqrt[Pi/2]*FresnelC[(b - 2*c*x)/(Sqrt[c]*Sqrt
[2%Pi])]*Sin[a + b~2/(4*c)])/(4*xc™(5/2)) + (Sqrt[Pi/2]*FresnelS[(b - 2%c*x)
/(Sqrt [c]*Sqrt [2+#Pi])]*Sin[a + b~2/(4*c)])/(2%c~(3/2))

Rubi [A] time = 0.203884, antiderivative size = 251, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 6, integrand size = 16, number of rules

0.375, Rules used = {3463, 3448, 3352, 3351, 3461, 3447}

\/gbz sin ( ) FresnelC (5_23_) \/7005 ( ) FresnelC (5_23_) \/78111 (a + ) (5_\2;2%) \/7192 COs

4052 20312 20312

integrand size

Antiderivative was successfully verified.

[In] Int[x"2*Sinl[a + b*x - c*x~2],x]

[Out] (bxCos[a + bxx - cxx72])/(4*c”2) + (x*Cos[a + b*x - c*x72])/(2%c) + (Sqrt[P
i/2]*Cos[a + b~2/(4xc)]*FresnelC[(b - 2xc*x)/(Sqrt[c]l*Sqrt[2*Pi])])/(2*c~(3

/2)) + (b~2*%Sqrt[Pi/2]*Cos[a + b~2/(4*c)]*FresnelS[(b - 2*cxx)/(Sqrt[c]*Sqr
t[2*%Pi])])/(4*c~(5/2)) - (b~2*Sqrt[Pi/2]*FresnelC[(b - 2*c*x)/(Sqrt[c]*Sqrt
[2%Pi])]*Sin[a + b~2/(4*c)])/(4*c~(5/2)) + (Sqrt[Pi/2]*FresnelS[(b - 2%c*x)
/(8qrt [c]*Sqrt [2*Pi])]*Sin[a + b2/ (4*c)])/(2%c”(3/2))

Rule 3463

Int[((d_.) + (e_)*(x_)) " (m_)*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sym
bol] :> -Simp[(e*(d + exx)~(m - 1)*Cos[a + b*x + c*x~2])/(2xc), x] + (Distl[
(e72x(m - 1))/(2*c), Int[(d + e*x)"(m - 2)*Cos[a + b*x + cxx~2], x], x] - D
ist[(bxe - 2%cxd)/(2*xc), Int[(d + exx)"(m - 1)*Sin[a + b*xx + c*x~2], x], x]
) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2%cxd, 0] && GtQ[m, 1]
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Rule 3448

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4xc)], Int[Cos[(b + 2%c*xx)~2/(4*xc)], x], x] + Dist[Sin[(b"2 - 4x*xaxc)/
(4%c)], Int[Sin[(b + 2*c*x)"2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b2 - 4xaxc, 0]

Rule 3352

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 21), x] /; FreeQ[{d, e, f}, xI]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)]1)/(fxRt[d, 21), x] /; FreeQ[{d, e, f}, xI]

Rule 3461

Int[((d_.) + (e_.)*(x_))*Sin[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2], x_Symbol]
:> -Simp[(exCos[a + bxx + c*x72])/(2*c), x] + Dist[(2%c*d - bxe)/(2xc), Int
[Sin[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
xe, 0]

Rule 3447

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4*c)], Int[Sin[(b + 2*xc*x)~2/(4x*c)], x], x] - Dist[Sin[(b"2 - 4x*axc)/
(4%c)], Int[Cos[(b + 2%c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rubi steps
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xcos(u+bx—cx2) fcos(a+bx—cx2)dx bfxsin(u+bx—cx2)dx

fxz sin (a +bx - cxz) dx = > -~ o + 5
2
b cos (a + bx — cxz) X COS (a +bx — cxz) b? fsin (u + bx — cx cos ( 4_)
= + +
4c? 2c 4¢?
T »? b— 2cx 7'15 b-2cx
:bcos(a+bx—cx2)+xcos(a+bx—cx2)+ Zcosfa+ o 27\ Voven
4c? 2c 2c3/2 2¢3
T »? C b—2cx b2 T
bcos (u+bx—cx2) X COS (a+bx—cx2) \/ECOS )\ Vv \/;COS a-
4¢? 2c 2¢3/2 4

Mathematica [A] time = 0.711821, size = 165, normalized size = 0.66

)(accos o+ 2) - s 1+ £)) - Vam (22) o £)  #2c0s 1+ £)) 245

8¢5/2

—\/Z_NFresneIC(\/_\f

Antiderivative was successfully verified.

[In] Integrate[x™2*Sin[a + b*x - c*x72],x]

[Out] (2*xSqrtlc]l*(b + 2*c*x)*Cos[a + x*(b - c*x)] - Sqrt[2*Pi]*FresnelC[(-b + 2xc
*xx) /(Sqrt [c] *Sqrt [2+#Pi])]*(2*c*Cos[a + b72/(4*c)] - b™2+Sin[a + b~2/(4*c)])

- Sqrt[2*Pi]*FresnelS[(-b + 2%c*x)/(Sqrt[c]*Sqrt[2xPi])]*(b~2*Cos[a + b~2/
(4xc)] + 2xc*Sin[a + b72/(4*c)]))/(8*c™(5/2))

Maple [A] time = 0.01, size = 202, normalized size = 0.8

S B T T e

2c 2c 2c c 2) [ c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*sin(-c*x~2+b*x+a),x)

[Out] 1/2*x*cos(—c*x~2+bxx+a)/c-1/2*b/c*x(-1/2%cos(—c*x"2+b*x+a)/c+1/4*xb/c”(3/2)*2
~(1/2)*%Pi~(1/2)*(cos ((1/4xb"2+c*a) /c) *FresnelS (27 (1/2) /Pi~(1/2) /c~(1/2) *(c*
x-1/2%b))-sin((1/4*%b"2+c*a) /c)*FresnelC(2~(1/2)/Pi~(1/2)/c”(1/2) *(c*xx-1/2*b
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))))-1/4/c~(3/2)*27(1/2)*Pi~ (1/2)*(cos ((1/4*b~2+c*a) /c)*FresnelC(27(1/2) /Pi
~(1/2)/c”(1/2) *(c*xx-1/2*b) )+sin((1/4xb"2+c*a) /c) *FresnelS (27 (1/2) /Pi~(1/2)/
c”(1/2)*(c*x-1/2%b)))

Maxima [C] time = 2.28549, size = 4122, normalized size = 16.42

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(-c*x~2+b*x+a),x, algorithm="maxima"

[Out] 1/16%((dxbxcx (e~ (1/4% (4*I*c™2%x"2 - 4xIxbxcxx + I*b72)/c) + e (-1/4*%(4*xI*xc™
2%x72 - 4*xI*bkxckx + I*b~2)/c))*abs(c)*cos(1/4*x (b2 + 4*xaxc)/c) + brck(-4*I*
e” (1/4* (4*I*xc™2*x"2 — 4xIxbxcxx + I*b~2)/c) + 4*xI*xe” (-1/4x(4*xI*c™2%x"2 - 4%
Ixbxc*xx + I*b~2)/c))*abs(c)*sin(1/4*(b"2 + 4*ax*xc)/c))*((4*c™2*xx"2 - 4*b*c*x
+ b72)/abs(c))~(3/2) + (b™3*(-4xIxgamma(3/2, 1/4*(4xI*c”2%x"2 - 4*xIxb*c*x
+ Ixb~2)/c) + 4xIxgamma(3/2, -1/4%(4*xI*c™2*%x"2 - 4xI*b*c*xx + I*b~2)/c))*abs
(c)*xcos(1/4*%(b™2 + 4xaxc)/c) + 4xb~3x(gamma(3/2, 1/4x(4*xI*c™2%x"2 - 4xIxb*c
xx + Ixb72)/c) + gamma(3/2, -1/4%(4*xI*c~2*x"2 - 4xI*bxc*x + I*b~2)/c))*abs(
c)*sin(1/4%(b"2 + 4xaxc)/c) + (c73*(32+I*xgamma(3/2, 1/4x(4*xI*c™2%x"2 - 4*Ix
bxc*x + I*b~2)/c) - 32*xIxgamma(3/2, -1/4%(4*I*c™2*x"2 - 4xI*xbxc*x + I*b~2)/
c))*abs(c)*cos(1/4%(b~2 + 4*axc)/c) - 32*%c™3*(gamma(3/2, 1/4*%(4*xI*xc™2*xx"2 -
4xI*bxc*xx + I*b72)/c) + gamma(3/2, -1/4*(4*Ixc™2*%x"2 - 4*I*xbxc*x + I*b~2)/
c))*abs(c)*sin(1/4%(b~2 + 4*axc)/c))*x~3 + (bxc™2x(-48*I*xgamma(3/2, 1/4x*(4*
I*#c™2%x72 - 4xIxbkcxx + Ixb~2)/c) + 48xI*xgamma(3/2, -1/4*%(4*xI*c™2%xx"2 - 4x*I
*xbxc*xx + I*b~2)/c))*abs(c)*cos(1/4%x(b~2 + 4*a*xc)/c) + 48xb*xc~2*(gamma(3/2,
1/4% (4%I*c™2%xx"2 - 4*Ixb*ckx + I*b~2)/c) + gamma(3/2, -1/4x(4xI*c™2%x"2 - 4
xIxb*xc*x + Ixb~2)/c))*abs(c)*sin(1/4*(b~2 + 4*axc)/c))*x"2 + (b~ 2*c*(24*xIxg
amma (3/2, 1/4x(4*I*c™2%x72 - 4xIxbkcxx + I*b72)/c) - 24*Ikxgamma(3/2, -1/4%(
4xT*c™2xx"2 — 4*Ixb*c*x + I*b~2)/c))*abs(c)*cos(1/4*%(b™2 + 4*axc)/c) - 24x*b
“2%ckx(gamma (3/2, 1/4x(4xI*c”™2%x"2 - 4*xIxb*cxx + Ixb~2)/c) + gamma(3/2, -1/4
*(4xI*xc™2%x"2 - 4xIxb*cxx + I*b~2)/c))*abs(c)*sin(1/4*% (b2 + 4*a*xc)/c))*x)*
cos(3/2*xarctan2((4*c™2%x"2 - 4*bxc*x + b72)/c, 0)) + ((I*sqrt(pi)*(erf(1/2%
sqrt ((4xI*c™2xx"2 - 4*xIxb*cxx + I*b~2)/c)) - 1) - Iksqrt(pi)*(erf(1/2xsqrt(
- (4*I*c™2*%x"2 - 4*xIxbxcxx + I*b~2)/c)) - 1))*b"5*xcos(1/4*x(b~2 + 4xaxc)/c) -
(sqrt(pi)*(erf (1/2*sqrt ((4*xI*c~2xx"2 - 4*xIxb*c*xx + I*xb~2)/c)) - 1) + sqrt(
pi)*(erf (1/2*sqrt (- (4*xIxc™2*x"2 - 4xIxb*cxx + I*b~2)/c)) - 1))*b~5*sin(1/4%
(b2 + 4xaxc)/c) + ((-8*Ixsqrt(pi)*(erf(1/2*sqrt((4*xI*c™2*x"2 — 4xIxb*cxx +
I¥b"2)/c)) - 1) + 8xIxsqrt(pi)*(erf(1/2xsqrt(-(4*I*c™2%x"2 - 4xIxbkcxx + I
*b~2)/c)) - 1))*b"2xc"3*cos(1/4*% (b2 + 4xaxc)/c) + 8x(sqrt(pi)*(erf(1/2*sqr
t ((4*I*c™2%x72 - 4xIxbkxcxx + I*xb~2)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*I
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*CT2%x72 - 4xIxbkxckx + I*b72)/c)) - 1))*b"2%c”™3*sin(1/4*%(b"2 + 4xaxc)/c))*x
73 + ((12*I*xsqrt(pi)*(erf(1/2*sqrt((4*I*xc™2xx"2 - 4*Ixb*c*x + I*b~2)/c)) -
1) - 12+Ixsqrt(pi)*(erf (1/2*sqrt (- (4*Ixc™2%x"2 - 4*Ixb*xc*x + I*b~2)/c)) - 1
))*b~3xc"2*xcos(1/4%(b~2 + 4*axc)/c) - 12*x(sqrt(pi)*(erf (1/2*xsqrt ((4*I*c~2*x
T2 - 4xI*bxc*x + I*b72)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*I*c™2*x"2 - 4
*xIxb*c*xx + Ixb~2)/c)) - 1))*b73*c”2*sin(1/4*(b"2 + 4*axc)/c))*x"2 + ((-6%Ix
sqrt (pi) *(erf (1/2*%sqrt ((4*xI*c™2xx"2 — 4*Ixb*cxx + Ixb~2)/c)) - 1) + 6*Ixsqr
t(pi)*(erf (1/2*sqrt (- (4*I*xc™2*%x"2 - 4xI*bxc*x + I*b~2)/c)) - 1))*b~4*cxcos(
1/4% (b2 + 4xaxc)/c) + 6x(sqrt(pi)*(erf(1/2*sqrt((4*I*c™2%x"2 - 4xIxbkcxx +
I¥b~2)/c)) - 1) + sqrt(pi)*(erf(1/2xsqrt(-(4*I*c™2*x"2 - 4xI*bkxcxx + I*b~2
)/c)) — 1))*b~4xc*ksin(1/4%(b~2 + 4xaxc)/c))*x)*cos(1/2*arctan2((4*c™2%x"2 -
4xbxc*xx + b72)/c, 0)) - (4*b~3x(gamma(3/2, 1/4*(4*I*c™2*x"2 - 4*xIxbxcxx +
I¥b"2)/c) + gamma(3/2, -1/4*%(4*xIxc”2*xx"2 - 4*Ixb*c*xx + I*b~2)/c))*abs(c)*co
s(1/4*%(b~2 + 4xaxc)/c) - b~ 3*x(-4*I*xgamma(3/2, 1/4%(4*I*c™2*x72 - 4xI*b*c*x
+ I*xb~2)/c) + 4xIxgamma(3/2, -1/4%(4*xI*c™2%x"2 - 4xIxbkxcxx + I*b~2)/c))*abs
(c)*sin(1/4*%(b™2 + 4xaxc)/c) - (32*%c~3*(gamma(3/2, 1/4*(4*xIxc”2*x~2 - 4*I*b
xckxx + I*b72)/c) + gamma(3/2, -1/4%(4xIxc”2*x"2 - 4*Ixbkckx + I*b72)/c))*ab
s(c)*cos(1/4%(b~2 + 4*axc)/c) + c™3*(32xI*xgamma(3/2, 1/4x(4xI*c™2%x"2 - 4x%I
xb*xcxx + Ixb~2)/c) - 32xIxgamma(3/2, -1/4*(4*Ixc™2*%x"2 - 4*I*xbxc*x + I*b~2)
/c))*abs(c)*sin(1/4%(b~2 + 4*axc)/c))*x"3 + (48*bxc™2x(gamma(3/2, 1/4*(4*Ix
CT2*x72 - 4xIxbxc*x + I*b~2)/c) + gamma(3/2, -1/4*(4xI*c”2%x72 - 4*xIxb*c*x
+ I*b72)/c))*abs(c)*cos(1/4*%(b"2 + 4xaxc)/c) - bxc™2x(-48+Ixgamma(3/2, 1/4%
(4*I*c™2%x72 — 4xI*bxc*x + I*b72)/c) + 48*Ixgamma(3/2, -1/4x(4*I*c™2%x"2 -
4xI*bxc*xx + I*b~2)/c))*abs(c)*sin(1/4%(b~2 + 4*axc)/c))*x"2 - (24*b~2*c*(ga
mma (3/2, 1/4x(4xI*xc™2%x72 - 4xIxbkxcxx + I*b~2)/c) + gamma(3/2, -1/4*(4*Ixc”
2%x72 - 4xIxb*c*x + I*b72)/c))*abs(c)*cos(1/4%(b~2 + 4*axc)/c) + b 2*c*(24x
Ixgamma (3/2, 1/4x(4xI*c™2%x72 - 4xIxbkxcxx + I*b~2)/c) - 24*Ixgamma(3/2, -1/
4x (4+I*c™2%x72 - 4*Ixbxc*x + I*b72)/c))*abs(c)*sin(1/4*(b"2 + 4*a*c)/c))*x)
xsin(3/2*%arctan2 ((4*c™2xx"2 - 4*bxc*x + b™2)/c, 0)) + ((sqrt(pi)*(erf(1/2%s
qrt ((4*Ixc™2*x"2 - 4xI*bxc*x + I*b~2)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4
*Ixc™2xx"2 - 4xIxbkxckx + I*b72)/c)) - 1))*b~bxcos(1/4x(b~2 + 4x*axc)/c) + (I
xsqrt (pi) *(erf (1/2*sqrt ((4*xI*xc™2xx"2 — 4xIxb*cxx + I*b~2)/c)) - 1) - Ix*sqrt
(pi)*(erf (1/2*sqrt (- (4*I*c™2%x"2 - 4xI*bxc*x + I*b~2)/c)) - 1))*b~5*xsin(1/4
x(b72 + 4xaxc)/c) - (8*(sqrt(pi)*(erf(1/2*sqrt((4*I*c™2%x72 - 4xIxbkcxx + I
xb~2)/c)) - 1) + sqrt(pi)*(erf(1/2*%sqrt(-(4*xI*c~2xx"2 - 4*Ixb*c*xx + I*b~2)/
c)) - 1))*b~2*c”3*cos(1/4*(b"2 + 4xaxc)/c) - (-8xIxsqrt(pi)*(erf(1/2xsqrt ((
4xI*c™2%x72 - 4xIxbkxcxx + I*b72)/c)) - 1) + 8xIxsqrt(pi)*(erf(1/2*sqrt(-(4*
I*c™2%x72 - 4xIxbxcxx + I*b72)/c)) - 1))*b"2%c”3*sin(1/4% (b2 + 4*a*xc)/c))*
x73 + (12%(sqrt(pi)*(erf (1/2xsqrt ((4*I*c™2*%x"2 - 4xI*bxc*x + I*b~2)/c)) - 1
) + sqrt(pi)*(erf(1/2*sqrt (- (4*I*xc™2%x"2 - 4*Ixb*c*xx + I*b~2)/c)) - 1))*b~3
xc"2xcos(1/4%(b~2 + 4*axc)/c) + (12+Ixsqrt(pi)*(erf(1/2*sqrt((4*xI*c™2*x"2 -
4xT*bxcxx + I*¥b~2)/c)) - 1) - 12*%Ixsqrt(pi)*(erf(1/2*sqrt (- (4*I*c™2xx"2 -
4xIxbkxcxx + Ixb~2)/c)) - 1))*b7~3*c™2*sin(1/4*(b"2 + 4xaxc)/c))*x"2 - (6*(sq
rt(pi)*(erf (1/2*%sqrt ((4*I*c™2%x72 - 4xIxbkxcxx + I*b~2)/c)) - 1) + sqrt(pi)*
(erf (1/2*sqrt (- (4*I*c™2%x"2 - 4*Ixb*c*xx + I*b~2)/c)) - 1))*b~4xc*cos(1/4x(b
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T2 + 4xaxc)/c) - (-6xIksqrt(pi)*(erf(1/2xsqrt((4*I*c™2*%x"2 - 4*I*xbxc*x + I
b~2)/c)) - 1) + 6%Ixsqrt(pi)*(erf(1/2*sqrt(-(4*I*c™2*x"2 - 4xI*bxc*x + I*b~
2)/c)) - 1))*b"4dxcxsin(1/4%(b"2 + 4*axc)/c))*x)*sin(1/2*arctan2((4*c™2*xx~2
- 4dxbxc*x + b72)/c, 0)))/(c”3x((4*c™2xx"2 — 4xb*cxx + b~2)/abs(c)) (3/2)*ab
s(c))

Fricas [A] time = 1.60668, size = 443, normalized size = 1.76

2 2 \/5(2cx—b) £ 2 2 \/E(Zcx
VBltsin(2522) -2 ncos(S22 ) 0T - (o (222) - 2mcin (222 s
4c 4c s 2¢c dc dc 2

T

8c3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(-c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/8*(sqrt(2)*(pi*b~2*sin(1/4*(b~2 + 4xa*xc)/c) - 2*pikcxcos(1/4*(b~2 + 4xaxc
)/c))*sqrt(c/pi)*fresnel cos(1/2xsqrt(2)*(2xc*x - b)x*sqrt(c/pi)/c) - sqrt(2
)*(pi*b~2xcos(1/4*(b~2 + 4*axc)/c) + 2xpi*c*sin(1/4%(b~2 + 4xaxc)/c))*sqrt(
c/pi)*fresnel sin(1/2*sqrt(2)*(2*c*x - b)*sqrt(c/pi)/c) + 2% (2%c™2*x + b*c)
*cos(c*x™2 - b*x - a))/c”3

Sympy [F] time = 0., size = 0, normalized size = 0.

fxz sin (a + bx — cx?) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*sin(-c*x**2+b*x+a),x)

[Out] Integral (x**2*sin(a + b*x - c*x**2), X)

Giac [C] time = 1.73842, size = 309, normalized size = 1.23

7ib2+4iac)

i\/zﬁ(b2+2i c) erf(—% \/5(2 x—é)(—%ﬁl) |c|)e( 4c

ic
(_H”) B

) i\/ix/ﬁ(bz—Zic) elrf(—%l \/E(Zx—g)
EOE

py (c(—Zix + ?b) i b)e(”"z‘ib""'“

Il

16 c?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(-c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/16%(I*sqrt(2)*sqrt(pi)*(b~2 + 2xIxc)*erf(-1/4*sqrt(2)*(2xx - b/c)*(-I*c/

abs(c) + 1)*sqrt(abs(c)))*e”(-1/4%(I*b"2 + 4xI*a*xc)/c)/((-Ixc/abs(c) + 1)*s

grt(abs(c))) - 2*Ix(cx(-2%Ixx + Ixb/c) - 2*Ixb)*e” (I*c*xx~2 - Ixb*xx - Ixa))/

c”2 - 1/16%(-I*sqrt(2)*sqrt(pi)* (b2 - 2*Ixc)x*erf(-1/4*sqrt(2)*(2xx - b/c)*
(I*xc/abs(c) + 1)xsqrt(abs(c)))*e”(-1/4*(-Ixb~2 - 4xIxa*xc)/c)/((I*c/abs(c) +
D*sqrt(abs(c))) - 2*Ix(cx(-2%Ixx + Ixb/c) - 2*Ixb)*e” (-Ixc*x~2 + Ixb*x +

I*a))/c™2
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3.7 fxsin (a + bx — cxz) dx

Optimal. Leaf size=124

\/gb sin (a + Z—i)FresnelC( b ) \/7b cos (a + bz) (5'«2/62%) cos (a by — cx2)

2c3/2 2c3/2 2c

[Out] Cos[a + b*x - c*xx"2]/(2%c) + (bxSqrt[Pi/2]*Cos[a + b~2/(4*c)]*FresnelS[(b -
2xc*x) / (Sqrt [c]*Sqrt [2%Pi])])/(2%c~(3/2)) - (b*Sqrt[Pi/2]*FresnelC[(b - 2%
c*x)/(Sqrt [c]*Sqrt [2*Pi])]*Sinf[a + b~2/(4*c)])/(2xc~(3/2))

Rubi [A] time = 0.0444542, antiderivative size = 124, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 14, number of rules _

integrand size
0.286, Rules used = {3461, 3447, 3351, 3352}

\/7bsm(a+ )FresnelC(bzcx) \/7bcos(a+ ) (5_\2;2%) cos(a+bx—cx2)

2032 232 2c

Antiderivative was successfully verified.

[In] Int[x*Sin[a + b*x - c*x"2],x]

[Out] Cos[a + b*x - c*xx~2]/(2%c) + (bxSqrt[Pi/2]*Cos[a + b~2/(4*c)]*FresnelS[(b -
2*c*x) / (Sqrt [c]*Sqrt [2*xPi])])/(2*xc~(3/2)) - (b*Sqrt[Pi/2]*FresnelC[(b - 2x
c*x)/(Sqrt [c]*Sqrt [2*Pi])]*Sinf[a + b~2/(4*c)])/(2xc~(3/2))

Rule 3461

Int[((d_.) + (e_.)*(x_))*Sin[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol]
:> -Simp[(exCos[a + bxx + c*x72])/(2*c), x] + Dist[(2%c*d - b*e)/(2xc), Int
[Sin[a + b*x + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
*xe, 0]

Rule 3447

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*xc)], Int[Sin[(b + 2*xc*x)~2/(4x*c)], x], x] - Dist[Sin[(b~2 - 4x*axc)/
(4xc)], Int[Cos[(b + 2xcxx)~2/(4xc)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]
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Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, xI]

Rule 3352

Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]*(e + fxx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps

3 _ 2 . _ P
fxsjn (a + bx—cxz) e cos (a +212x cx ) . b [sin (a +212x cx ) dx

cos (a + bx — sz) (b cos (a + )) fsm ((b Zcx) ) dx (b sin (a + )) fcos(

(b-2cx)?

4c

).

2c 2c

cos(a+bx—cx2 b[cos(u+ ) (b2cx) b\/7 (\b/'\z/;in) ( +Z_i)

2c

2c 2c3/2 2¢3/2

Mathematica [A] time = 0.317877, size = 117, normalized size = 0.94

V2nbsin (a + )FresnelC ( 20 ) V27b cos (a + ) S (\Z/ff/i) +2+/ccos(a + x(b - cx))
4¢3/

Antiderivative was successfully verified.

[In] Integrate[x*Sin[a + b*x - c*x72],x]

[Out] (2*xSqrtlc]*Cos[a + x*(b - c*x)] - b*Sqrt[2*Pi]*Cos[a + b~2/(4*c)]*FresnelS[

(-b + 2*cx*x)/(Sqrtlcl*Sqrt[2+«Pi])] + b*Sqrt[2#Pi]*FresnelC[(-b + 2*c*x)/(Sq
rt[c]*Sqrt [2*Pi])]*Sinf[a + b~2/(4*c)])/(4xc~(3/2))

Maple [A] time = 0.008, size = 99, normalized size = 0.8

cos (-2 + b +.) bw[ (5w s (ﬁ -] L) ) Fresnelc[

2 4

2¢c 4 c

Ve

c

=

Verification of antiderivative is not currently implemented for this CAS.

sl
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[In] int(x*sin(-c*x~2+b*x+a) ,x)

[Out] 1/2*cos(-cxx~2+b*x+a)/c-1/4xb/c”(3/2)*2~(1/2)*Pi~(1/2)*(cos((1/4xb~2+c*a)/c
Y*¥FresnelS(2°(1/2)/Pi~(1/2)/c”(1/2)*(c*xx-1/2%b))-sin((1/4*xb~2+c*a)/c) *Fresn
elC(27(1/2)/Pi~(1/2)/c~(1/2) *(c*x-1/2%b)))

Maxima [C] time = 1.70803, size = 1310, normalized size = 10.56

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(-c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/8*(((Ixsqrt(pi)*(erf(1/2*sqrt((4*xI*c™2%x"2 - 4*xIxb*cxx + Ixb~2)/c)) - 1)
- Ixsqrt(pi)*(erf(1/2*sqrt(-(4*xI*c™2xx"2 - 4*Ixb*c*xx + I*b~2)/c)) - 1))*b72
xcos(1/4*%(b"2 + 4xaxc)/c) - (sqrt(pi)*(erf(1/2xsqrt((4*I*xc”2%x"2 - 4*xI*bxcx
x + I¥b72)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*xI*c™2*xx"2 — 4*Ixb*cxx + Ix
b~2)/c)) - 1))*b"2xsin(1/4*%(b"2 + 4xaxc)/c) + ((-2*I*xsqrt(pi)*(erf(1/2*sqrt
((4xI*c™2%x72 - 4xIxb*cxx + I*b72)/c)) - 1) + 2*xIxsqrt(pi)*(erf(1/2*sqrt(-(
4xIxc™2%xx"2 — 4xIxbkckx + I*b~2)/c)) - 1))*bxcxcos(1/4x(b~2 + 4*axc)/c) + 2
*(sqrt(pi)*(erf (1/2*sqrt ((4*xI*c™2*x"2 - 4xIxb*cxx + I*b~2)/c)) - 1) + sqrt(
pi)*(erf (1/2xsqrt (- (4*Ixc™2%x"2 - 4*xIxbkxc*x + I*b72)/c)) - 1))*bxc*sin(1/4x%
(b”™2 + 4xaxc)/c))*x)*cos(1l/2xarctan2((4*xc”2xx"2 - 4xbxc*x + b~2)/c, 0)) + (
(sqrt(pi)*(erf (1/2*sqrt ((4*xI*c™2%x"2 - 4xIxb*cxx + I*b~2)/c)) - 1) + sqrt(p
i)*(erf (1/2*sqrt (- (4*Ixc™2*x"2 - 4*Ixbxc*x + I*b~2)/c)) - 1))*b~2xcos(1/4x*(
b~2 + 4xaxc)/c) + (I*xsqrt(pi)*(erf(1/2xsqrt((4*I*c™2*x"2 - 4xI*bxc*x + I*b~
2)/c)) - 1) - Ixsqrt(pi)*(erf(1/2*sqrt(-(4*xI*c~2*x"2 - 4xIxb*xcxx + I*b~2)/c
)) = 1))*b72%sin(1/4*%(b"2 + 4xaxc)/c) - (2x(sqrt(pi)*(erf(1/2*sqrt((4*xI*c”2
*x"2 - 4*xIxb*ckxx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*xI*c™2%x"2 -
4xI*bxcxx + I*b~2)/c)) - 1))*bxckcos(1/4*x(b~2 + 4*axc)/c) - (-2xI*sqrt(pi)
x(erf (1/2+sqrt ((4*xI*c™2xx"2 - 4*xIxb*c*xx + I*b~2)/c)) - 1) + 2*Ixsqrt(pi)*(e
rf(1/2%sqrt (- (4*I*xc™2%xx"2 - 4*Ixb*c*xx + I*b~2)/c)) - 1))*bkcxsin(1/4*(b"2 +
dxaxc)/c))*x)*sin(1/2*xarctan2((4xc™2xx"2 - 4xb*xc*x + b~2)/c, 0)) + (2xcx*x(e
T(1/4%(4%xIxc™2%xx"2 — 4xIxbkckx + I*b72)/c) + e (-1/4%(4xIxc™2xx"2 — 4xIxb*c
*x + Ixb72)/c))*cos(1/4% (b2 + 4*axc)/c) + cx(-2%I*xe” (1/4x(4*I*c™2%x"2 - 4%
Ixb*c*x + I*b72)/c) + 2xIxe” (-1/4x(4*I*c™2%x"2 - 4*Ixb*c*x + I*b~2)/c))*sin
(1/4%(b™2 + 4xaxc)/c))*sqrt((4*xc™2%x"2 - 4*xb*cxx + b~2)/abs(c)))/(c™2*sqrt(
(4%c™2xx™2 - 4*bxc*x + b~2)/abs(c)))
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Fricas [A] time = 1.52921, size = 323, normalized size = 2.6

V2@ ex-b)/ = V22 ex-b)4/ &
\/Enb\/g CoS (bZZiac) S ( oy \/;) - \/Enb\/gC [—2c \/:) sin (—bziuc) —2ccos (cx2 - bx - a)

42

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(-c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/4x*(sqrt(2)*pi*b*sqrt(c/pi)*cos(1/4*(b"2 + 4xaxc)/c)*fresnel_sin(1/2*sqrt
(2)x(2xc*x - b)*sqrt(c/pi)/c) - sqrt(2)*pi*b*sqrt(c/pi)*fresnel cos(1/2*sqr
t(2)*(2*%c*xx - b)*sqrt(c/pi)/c)*sin(1/4% (b2 + 4xa*xc)/c) - 2*c*cos(c*x™2 - b

*x - a))/c”2

Sympy [F] time = 0., size = 0, normalized size = 0.

fxsin (a +bx — cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(-ckx**2+b*x+a),x)

[Out] Integral(x*sin(a + b*x - c*x**2), Xx)

Giac [C] time = 2.44643, size = 250, normalized size = 2.02
1 b\(_ic (—ibziﬂ) 1 b\(ic (_4—ih24—4iac)
iVaymberf(~; Va(2x-2)(- S+ VR _ ie-iveia) _i\/E\/Eberf(—Z V22 )(an Vi)t et
(—%H) E (%H) &
- 8¢ 8c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(-c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/8%(I*sqrt(2)*sqrt(pi)*bxerf(-1/4*sqrt(2)*(2xx - b/c)*(-I*xc/abs(c) + 1)*s
grt(abs(c)))*e~(-1/4%(I*b~2 + 4xIxa*xc)/c)/((-I*c/abs(c) + 1)xsqrt(abs(c)))
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- 2%e” (Ikc*x™2 - I*bkxx - I*a))/c - 1/8%(-I*sqrt(2)*sqrt(pi)*bxerf(-1/4*sqrt
(2)*(2*x - b/c)*(I*xc/abs(c) + 1)*sqrt(abs(c)))*e” (-1/4*(-I*¥b"2 - 4xIxaxc)/c
)/ ((Ixc/abs(c) + 1)*xsqrt(abs(c))) - 2*e”(-I*kcxx"2 + Ixbxx + Ixa))/c
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3.8 fsin (a + bx — cxz) dx

Optimal. Leaf size=98

T »? b—2cx . b? b—2cx
\/;cos (a + Z) S (\/E\/Z_n) \/gsm (a + Z) FresnelC (x/z_m/E)

Ve Ve

[Out] (Sqrt[Pi/2]*Cosl[a + b~2/(4*c)]*FresnelS[(b - 2*c*x)/(Sqrt[c]*Sqrt[2xPi])])/
Sqrt[c] - (Sqrt[Pi/2]*FresnelC[(b - 2*c*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a + b~
2/ (4%c)])/Sqrt[c]

Rubi [A] time = 0.0248944, antiderivative size = 98, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, e e -

0.25, Rules used = {3447, 3351, 3352}

T »? b—2cx T »? b—2cx
\/;cos (a + Z) S (\/E\/Z_n) \/gsm (a + L) FresnelC (\/2_77\/5)

Ve Ve

integrand size

Antiderivative was successfully verified.

[In] Int[Sin[a + b*x - c*x~2],x]

[Out] (Sqrt[Pi/2]*Cosl[a + b~2/(4*c)]*FresnelS[(b - 2*c*x)/(Sqrt[c]*Sqrt[2xPi])])/
Sqrt[c] - (Sqrt[Pi/2]*FresnelC[(b - 2*c*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a + b~
2/ (4xc)]1)/Sqrt[c]

Rule 3447

Int[Sin[(a_.) + (b_)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Int[Sin[(b + 2*c*x)"2/(4*c)], x], x] - Dist[Sin[(b~2 - 4*ax*c)/
(4%c)], Int[Cos[(b + 2%c*xx)~2/(4xc)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)]1)/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352
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Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, xl

Rubi steps

fsin(a+bx—cx2) dx:—(cos(a+£)fsin(#) dx)+sm(u+—)f ((b 2cx)2) X
Vil g)s(EE) VielEs) (s

Ve Ve

Mathematica [A] time = 0.185248, size = 89, normalized size = 0.91

\/g(sin( )FresnelC(\/—\/-) — Cos (” + Z_i)s(\z/;xT_zin))

\/E

Antiderivative was successfully verified.

[In] Integrate[Sin[a + b*x - c*xx~2],x]

[Out] (Sqrt[Pi/2]*(-(Cos[a + b~2/(4xc)]*FresnelS[(-b + 2*c*x)/(Sqrt[c]*Sqrt[2*Pi]
)]) + FresnelC[(-b + 2xc*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a + b~2/(4*c)]))/Sqrt
[c]

Maple [A] time = 0.009, size = 80, normalized size = 0.8

L I s B R

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(-c*x"2+b*x+a),x)

[Out] -1/2%2~(1/2)*Pi~(1/2)/c”~(1/2)*(cos((1/4%b"2+c*a)/c)*FresnelS(2°(1/2)/Pi~(1/
2)/c”(1/2)*(cxx-1/2%b))-sin((1/4*%b~2+c*a) /c) *FresnelC(2"(1/2)/Pi~(1/2)/c~ (1
/2)*(cxx-1/2%b)))
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Maxima [C] time = 2.04943, size = 393, normalized size = 4.01

\/E(((l Cos (i T+ % arctan (0, c)) +1i cos (—i T+ % arctan (0, c)) + sin (i T+ % arctan (0, c)) —sin (—31 ™+ % arc

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x~2+b*x+a),x, algorithm="maxima")

[Out] -1/8*sqrt(pi)*(((I*cos(1/4*pi + 1/2*arctan2(0, c)) + I*xcos(-1/4xpi + 1/2*ar
ctan2(0, c)) + sin(1/4xpi + 1/2%arctan2(0, c)) - sin(-1/4*pi + 1/2*arctan2(
0, c)))*cos(1/4%(b"2 + 4xaxc)/c) - (cos(1l/4xpi + 1/2*arctan2(0, c)) + cos(-
1/4*xpi + 1/2*%arctan2(0, c)) - Ixsin(1/4*pi + 1/2*xarctan2(0, c)) + Ixsin(-1/
4xpi + 1/2*arctan2(0, c)))*sin(1/4*(b~2 + 4xaxc)/c))*erf (1/2x(2xIxcxx - I*b
)/sqrt(I*c)) + ((I*cos(1/4*pi + 1/2xarctan2(0, c)) + I*cos(-1/4*pi + 1/2*ar
ctan2(0, c)) - sin(1/4x*pi + 1/2%arctan2(0, c)) + sin(-1/4*pi + 1/2*arctan2(
0, c)))*cos(1/4%(b"2 + 4xaxc)/c) + (cos(1l/4*pi + 1/2*arctan2(0, c)) + cos(-
1/4*xpi + 1/2*%arctan2(0, c)) + Ixsin(1/4*pi + 1/2*arctan2(0, c)) - Ixsin(-1/
4xpi + 1/2%arctan2(0, c)))*sin(1/4*(b~2 + 4xaxc)/c))*erf (1/2x(2xIxcxx - I*b
)/sqrt(-I*c)))/sqrt(abs(c))

Fricas [A] time = 1.58511, size = 278, normalized size = 2.84

- e V22 cx-b)/ = = [ V2@ex-b)/= e
\/En\/;cos(bzﬁ )S( T \/;J—\/En\/;(?( oy \/ZJsin(bzi )

2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/2x%(sqrt(2)*pi*sqrt(c/pi)*cos(1/4*(b"2 + 4xa*c)/c)*fresnel sin(1/2*sqrt(2
)*(2*%cxx - b)*sqrt(c/pi)/c) - sqrt(2)*pi*xsqrt(c/pi)*fresnel_cos(1/2*sqrt(2)
*x(2xc*x - b)*sqrt(c/pi)/c)*sin(1/4* (b2 + 4xaxc)/c))/c
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Sympy [A] time = 0.545355, size = 94, normalized size = 0.96

o (2 o (22
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x**2+b*x+a),x)

[Out] sqrt(2)*sqrt(pi)*sqrt(-1/c)*(sin(a + b**2/(4*c))*fresnelc(sqrt(2)*(b - 2*cx
x)/(2*%sqrt(pi)*sqrt(-c))) + cos(a + b*x2/(4xc))*fresnels(sqrt(2)*(b - 2*c*x
)/ (2%sqrt (pi)*sqrt(-c))))/2

Giac [C] time = 2.79534, size = 185, normalized size = 1.89

i +diac __—ib2—4iuc)

avment(- o= (e W)l ) vaRa( s )

. + .
4(-= + 1)Vl 4= +1)4iel
[el

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/4xI*sqrt(2)*sqrt(pi)*erf(-1/4*sqrt(2)*(2*%x - b/c)*(-I*c/abs(c) + 1)*sqrt
(abs(c)))*e”(-1/4x(Ixb~2 + 4xIxaxc)/c)/((-Ixc/abs(c) + 1)*sqrt(abs(c))) + 1
/4xIxsqrt (2) *sqrt (pi)*erf (-1/4*sqrt(2)*(2xx - b/c)*(I*c/abs(c) + 1)*sqrt(ab
s(c)))*e”(-1/4*(~I*b~2 - 4xIx*axc)/c)/((I*xc/abs(c) + 1)*sqrt(abs(c)))
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X

f sin(a+bx—cx2) q

X

3.9

Optimal. Leaf size=18

sin (a +bx - cxz) )
X

Unintegrable ( "

[Out] Unintegrable[Sin[a + b*x - c*xx"2]/x, x]

Rubi [A] time = 0.0081506, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ————
integrand size

Rules used = {}

dx

f sin (a +bx - cxz)

X

Verification is Not applicable to the result.

[In] Int[Sin[a + b*x - c*xx~2]/x,x]

[Out] Defer[Int][Sin[a + b*x - c*x"2]/x, x]

Rubi steps

fsin(a+bx—cx2)d fsin(a+bx—cx2)d
X = x

X X

Mathematica [A] time = 4.7916, size = 0, normalized size = 0.

dx
X

f sin (a +bx - cxz)

Verification is Not applicable to the result.

[In] Integrate[Sin[a + b*x - c*x~2]/x,x]

[Out] Integrate[Sin[a + b*x - c*x~2]/x, x]
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Maple [A] time = 0.046, size = 0, normalized size = 0.

dx

sin (—cx2 +bx + a)
[

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(-c*x~2+b*x+a)/x,x)

[Out] int(sin(-c*x~2+b*x+a)/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

f sin (cx2 - bx - a) p
- X

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x~2+bx*x+a)/x,x, algorithm="maxima")

[Out] -integrate(sin(c*x”2 - b*x - a)/x, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

sin (cx2 —bx - a) )
X

int -
in egra[ .

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x~2+bxx+a)/x,x, algorithm="fricas")

[Out] integral(-sin(c*x~2 - b*x - a)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

: )
fsm(a+bx cx )dx
X



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*xx**2+b*x+a)/x,x)

[Out] Integral(sin(a + b*x - c*x**2)/x, X)
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Giac [A] time = 0., size = 0, normalized size = 0.

dx

f sin (—cx2 +bx + a)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x~2+b*x+a)/x,x, algorithm="giac")

[Out] integrate(sin(-c*x”2 + b*x + a)/x, x)
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b cos(a+bx—cx2) sin(a+bx—cx2)

310 [|- -

X x2

dx

Optimal. Leaf size=110

sin (a +bx — cxz)

\/z_n\/zcos(a+ Z—Z)FresnelC(\/—zf;]"'\/_\/Esm(a-i_ ; )S(fszc_z)

X

[Out] Sqrtlcl*Sqrt[2xPi]l*Cos[a + b~2/(4*c)]*FresnelC[(b - 2*c*x)/(Sqrt[c]*Sqrt[2x*
Pi])] + Sqrtlcl*Sqrt[2*Pi]*FresnelS[(b - 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])]*Sin[a
+ b"2/(4*%c)] - Sinf[a + b*x - c*xx"2]/x

Rubi [A] time = 0.084384, antiderivative size = 110, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 4, integrand size = 35, number of rules _

integrand size
0.114, Rules used = {3465, 3448, 3352, 3351}

sin (u + bx — cxz)

V2ryE cos (a . g)FresnelC( \/_Z\C;] +V2myesin (” ’ bz) (ij \Z_;)

X

Antiderivative was successfully verified.

[In] Int[-((b*Cos[a + b*x - c*x~2])/x) + Sin[a + b*x - c*xx~2]/x"2,x]

[Out] Sqrtlcl*Sqrt[2xPil*Cos[a + b~2/(4*c)]*FresnelC[(b - 2%*c*x)/(Sqrt[c]l*Sqrt [2x*
Pi])] + Sqrtlcl*Sqrt[2*Pi]*FresnelS[(b - 2*c*x)/(Sqrt[c]*Sqrt[2+Pi])]*Sin[a
+ b72/(4xc)] - Sin[a + bxx - c*x72]/x

Rule 3465

Int[((d_.) + (e_.)*(x_)) " (m_)*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sym
bol] :> Simp[((d + e*x)~(m + 1)*Sinf[a + b*x + c*xx"2])/(ex(m + 1)), x] + (-D
ist[(2xc)/(e”2%(m + 1)), Int[(d + e*xx)"(m + 2)*Cosl[a + b*x + c*xx~2], x], x]
- Dist[(b*e - 2*%c*xd)/(e”2*%(m + 1)), Int[(d + e*x)"(m + 1)*Cos[a + b*x + c*
x~2], x], x]) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2%c*d, 0] && LtQ[m,
-1]

Rule 3448

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Int[Cos[(b + 2%c*x)72/(4*c)], x], x] + Dist[Sin[(b"2 - 4xaxc)/
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(4xc)], Int[Sin[(b + 2xc*xx)"2/(4xc)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3352
Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]*(e + fxx)1)/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]
Rule 3351
Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[8qrt[2/Pi]*Rt[d, 2]*(e + fxx)])/(£*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps

dx

+
X x2 X X2

f{ bcos(a+bx—cx2) sin(u+bx—cx2)]d (bfcos(a+bx—cx2)d) fsin(a+bx—cx2)
_ X =- x|+

sin (a + bx — cxz)

= - —(ZC)fCOS (a+bx—cx2) dx
X
sin (a + bx — cx? 2 —2cx)2
=- ( )—(2ccos(a+b—))fcos((b—cx)) dx — |
X 4c 4c

_ \/E\/z_ncos(g+ g)c(ff;jzc_z) + \/E\/Z_NS(i/E_jzc_i]sin(a+é

Mathematica [A] time = 0.802383, size = 115, normalized size = 1.05

\/2_n\/_x oS (a + — ) FresnelC ( b ) + \2myJex sin (a + ) S (j;f/_zin) + sin(a + x(b - cx))

x
Antiderivative was successfully verified.

[In] Integrate[-((b*Cos[a + b*x - c*xx"2])/x) + Sin[a + b*x - c*x72]/x72,x]

[Out] -((Sqrtlc]*Sqrt[2+«Pi]*x*Cos[a + b~2/(4*c)]*FresnelC[(-b + 2*c*x)/(Sqrt[c]*S
qrt [2%Pi])] + Sqrtlc]l*Sqrt[2*Pi]l*x*FresnelS[(-b + 2*c*x)/(Sqrt[c]*Sqrt [2*Pi
1)1*xSin[a + b~2/(4*c)] + Sinl[a + x*(b - c*x)])/x)
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Maple [F] time = 0.204, size = 0, normalized size = 0.

f _b oS (—cx2 +bx + a) N sin (—cx2 ;— bx + a) N
x x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-b*cos(-c*x"2+bxx+a)/x+sin(-c*xx " 2+b*x+a)/x"2,x)

[Out] int(-b*cos(-c*x"2+b*x+a)/x+sin(-c*x"2+b*x+a)/x"2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

b cos (cx2 - bx - a) sin (cx2 —bx - a)
f - x - x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-bxcos(-c*x~2+b*x+a)/x+sin(-c*x~2+b*x+a)/x"2,x, algorithm="maxima

n)

[Out] integrate(-b*cos(c*x”2 - b*x - a)/x - sin(c*x"2 - b*x - a)/x"2, x)

Fricas [A] time = 1.58258, size = 309, normalized size = 2.81

V22 cx-b)y/ = V2@ cx-b)[<
\/Enx < cos Prdac C - \/Z +\/§nx s L\/: sin Prdac —sin(cx2—bx—a
b1d bd 2¢c 4c

4c 2c

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-bxcos(-c*x~2+b*x+a)/x+sin(-c*x~2+b*x+a)/x"2,x, algorithm="fricas

Il)

[Out] -(sqrt(2)*pi*x*sqrt(c/pi)*cos(1/4*(b~2 + 4*axc)/c)*fresnel_cos(1/2*sqrt(2)*
(2%c*x - b)*sqrt(c/pi)/c) + sqrt(2)*pi*x*sqrt(c/pi)*fresnel _sin(1/2*sqrt(2)
*x(2xc*x - b)*sqrt(c/pi)/c)*sin(1/4* (b2 + 4xaxc)/c) - sin(c*xx™2 - b*x - a))

/x
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Sympy [F] time = 0., size = 0, normalized size = 0.

dx

sin (a + bx - cx?) bcos (a + bx - cx?)
ey |

x x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-bxcos(-cxx**2+b*x+a)/x+sin(-c*x**2+b*x+a)/x**2,x)

[Out] -Integral(-sin(a + b*x - c*x**2)/x**2, x) - Integral(bxcos(a + bxx - c*xx**2

)/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

=+

b cos (—cx2 +bx + a) sin (—cx2 +bx + a)
f - x x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-bxcos(-c*x~2+bxx+a)/x+sin(-c*x~2+b*x+a)/x"2,x, algorithm="giac")

[Out] integrate(-b*cos(-c*x~2 + b*x + a)/x + sin(-c*x"2 + b*x + a)/x"2, x)
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2 i 1 2
3.11 fx sm(z+x+x)dx
Optimal. Leaf size=82
1 m 2x +1 1 T 2x +1 _1 ) 1 1 ) 1
2\/;FresnelC(\/2_7_()+4 25(\/2_71) 2xcos(x +x+4)+4cos(x +x+4)

[Out] Cos[1/4 + x + x72]/4 - (x*Cos[1/4 + x + x72])/2 + (Sqrt[Pi/2]*FresnelC[(1 +
2xx) /Sqrt [2xPi]]) /2 + (Sqrt[Pi/2]*FresnelS[(1 + 2xx)/Sqrt[2+Pi]])/4

Rubi [A] time = 0.0330391, antiderivative size = 82, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 13, LT

integrand size
0.462, Rules used = {3463, 3446, 3352, 3461, 3445, 3351}

1J?F lczx+1+1vﬁézx+1 1 2, 1), ] 2,5, L
~al = — —7/TOo|—F/— |~ zXCOS|X X+ — —COS|X X+ —
N2 e ) TN 2 e ) 2 1) 4 4

Antiderivative was successfully verified.

[In] Int[x"2*Sin[1/4 + x + x~2],x]

[Out] Cos[1/4 + x + x72]/4 - (x*Cos[1/4 + x + x72])/2 + (Sqrt[Pi/2]*FresnelC[(1 +
2xx) /Sqrt [2xPi]]) /2 + (Sqrt[Pi/2]*FresnelS[(1 + 2xx)/Sqrt[2xPi]])/4

Rule 3463

Int[((d_.) + (e_)*(x_)) " (m_)*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sym
bol] :> -Simp[(e*x(d + e*x)~(m - 1)*Cos[a + b*x + c*x72])/(2*c), x] + (Dist[
(e”2x(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Cos[a + b*x + c*xx~2], x], x] - D
ist[(b*xe - 2%c*d)/(2*c), Int[(d + e*xx) " (m - 1)*Sin[a + b*x + c*x~2], x], x]
) /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2%cxd, 0] && GtQ[m, 1]

Rule 3446

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Cos[(b + 2xc*x
)"2/(4xc)], x] /; FreeQl[{a, b, c}, x] && EqQ[b~2 - 4x*axc, 0]

Rule 3352

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]1), x] /; FreeQ[{d, e, f}, x]
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Rule 3461

Int[((d_.) + (e_.)*(x_))*Sin[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol]
:> -Simp[(exCos[a + bxx + c*x72])/(2*c), x] + Dist[(2%c*d - bxe)/(2xc), Int
[Sin[a + bxx + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*cxd - b
*xe, 0]

Rule 3445
Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Sin[(b + 2xc*x

)~2/(4%c)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4*axc, 0]

Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)]1)/(fxRt[d, 21), x] /; FreeQ[{d, e, f}, xI]

Rubi steps

1 1 1 1 1 1 1
fxzsin —+x+x%|dx=—-=xcos|=+x+x% +—fcos —t+x+x2 dx——fxsin —t+x+x2
4 2 4 2 4 2 4

1 1 ) 1 1 ) 1 . (1 ) 1 1 |
=-cos|=+x+x°|—-=xcos|=+x+x +Zf81n Z+x+x dx+§fcos 71(1+2x'

4 4 2 4

1 1 ) 1 1 o 1 [m (1T+2x) 1 (1 )
=—-cos|-+x+x°|-=zxcos|-+x+x°|+ = EC +A—Lfsm Z(1+2x) dx

4 4 2 4 2

L1, o) ! L) L [Ao(le2) 1 [ng
= —COS|— X+ X)) — =-XCOS|— X+X —al = - -
1 \1 2 4 2N2 \ v ) T4V 2

Mathematica [A] time = 0.117096, size = 66, normalized size = 0.8

1 2x +1 2x +1 1
- 2V27’(FresnelC( ) + \/27'(5( ) +2(1 - 2x) cos (xz +x+ —))
8 ( V27 V21 ( ) 4

Antiderivative was successfully verified.

[In] Integratel[x~2*Sin[1/4 + x + x72],x]

1+2x

[Out] (2x(1 - 2xx)*Cos[1/4 + x + x72] + 2*Sqrt[2*Pi]*FresnelC[(1 + 2*x)/Sqrt[2*Pi

1] + Sqrt[2#Pi]*FresnelS[(1 + 2%x)/Sqrt[2+Pi]])/8



Maple [A] time = 0.009, size = 59, normalized size = 0.7

_fcos(l+x+x2)+1008(1+x+x) \/—\/_FresneIS(\/E( +1))+ \/E‘/_FresnelC(\/—\/%( +1)]

2 \4 4 \4 yr\ 2 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*sin(1/4+x+x"2),x)

[Out] -1/2%x*cos(1/4+x+x"2)+1/4*cos(1/4+x+x"2)+1/8%27(1/2)*Pi~(1/2)*FresnelS(2~(1
/2)/Pi~(1/2)*(x+1/2))+1/4x2"(1/2)*Pi~ (1/2) *FresnelC(2~(1/2)/Pi~(1/2)*(x+1/2
))

Maxima [C] time = 3.97883, size = 211, normalized size = 2.57

512x(e(ix2+ix+ii) + e(_lx2 lx_l )) + m((BZz +32) ‘f((erf(,/ixz +ix+ }Ii) - 1) —(32i - 32) \/E\/E(e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(1/4+x+x72),x, algorithm="maxima"

[Out] 1/1024*(512xx*(e” (I*x"2 + Ixx + 1/4%I) + e~ (-I*x"2 - Ixx - 1/4%I)) + sqrt(4
*x72 + 4*xx + 1)*((32%I + 32)*sqrt(2)*sqrt(pi)*(erf(sqrt(I*x~2 + Ixx + 1/4%I

)) = 1) - (32%I - 32)*sqrt(2)*sqrt(pi)*(erf(sqrt(-I*x"2 - I*x - 1/4%I)) - 1

) + (128+I - 128)*sqrt(2)*gamma(3/2, I*x"2 + Ixx + 1/4*%I) - (128%I + 128)x*s
qrt(2) *gamma (3/2, -I*x"2 - Ikx - 1/4%I)) + 256%e” (I*x~2 + I*x + 1/4%I) + 25

6xe” (-I*x72 - I*x - 1/4%I))/(2*x + 1)

Fricas [A] time = 1.48286, size = 228, normalized size = 2.78

—1(2x 1)Cos(x +x+ ) \/—\/_C[\/_(Zj/fgl)] %\/E\/%S(\/E(Zz\/x;l)]

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*sin(1/4+x+x72),x, algorithm="fricas")

[Out] -1/4%(2%x - 1)*cos(x"2 + x + 1/4) + 1/4*sqrt(2)*sqrt(pi)*fresnel _cos(1/2*sq
rt(2)*(2xx + 1)/sqrt(pi)) + 1/8*sqrt(2)*sqrt(pi)*fresnel sin(1/2*sqrt(2)*(2

*x + 1)/sqrt(pi))

Sympy [F] time = 0., size = 0, normalized size = 0.

fxzsin(x +x+ )dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*sin(1/4+x+x**2) ,x)

[Out] Integral (x**2*sin(x**2 + x + 1/4), x)

Giac [C] time = 2.41814, size = 101, normalized size = 1.23

—(—z+—) \/_\/_erf((—z——) \/—(2x+1)) (—1——) \/_\/_erf( (—z+ )\/_(2“1))——1( 2zx+z)e(

32
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(1/4+x+x72),x, algorithm="giac")

[Out] -(1/32*%I + 3/32)*sqrt(2)*sqrt(pi)*erf((1/4*I - 1/4)*sqrt(2)*(2*x + 1)) + (1
/32x1 - 3/32)xsqrt(2)*sqrt(pi)*erf(-(1/4*I + 1/4)*sqrt(2)*(2xx + 1)) - 1/8%
Ix(—2%Ixx + I)*e” (I*x"2 + Ixx + 1/4xI) - 1/8*I*x(-2*I*x + I)*e” (-I*x"2 - I*x

- 1/4%1)
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3.12 fxsin (411 +x+ xz) dx

Optimal. Leaf size=41

1 |n (2x+1) 1 (2 1)
—=./=S —-cos(x +x+ -

N2\ var ) 2 4

[Out] -Cos[1/4 + x + x72]/2 - (Sqrt[Pi/2]*FresnelS[(1 + 2%x)/Sqrt[2*Pi]])/2

Rubi [A] time = 0.0129375, antiderivative size = 41, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 11, e -

0.273, Rules used = {3461, 3445, 3351}

1\/?5 2x+1) 1 2, . L
>\ 2 \/ﬂ 2COS.?C X 1

Antiderivative was successfully verified.

integrand size

[In] Int[x*Sin[1/4 + x + x~2],x]
[Out] -Cos[1/4 + x + x72]/2 - (Sqrt[Pi/2]*FresnelS[(1 + 2xx)/Sqrt[2xPi]])/2

Rule 3461

Int[((d_.) + (e_.)*(x_))*Sin[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2], x_Symbol]

:> -Simp[(exCos[a + bxx + c*x72])/(2*c), x] + Dist[(2%c*d - b*e)/(2xc), Int
[Sin[a + b*x + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
*xe, 0]

Rule 3445

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Sin[(b + 2xc*x
)72/ (4xc)], x] /; FreeQl{a, b, c}, x] && EqQ[b™2 - 4xaxc, 0]

Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)])/(f*xRt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps
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. (1 5 1
fxsm —+x+x°|dx=—-=cos|-+x+x
4 2

= =
N
SN —
|

! +x + x?
=—-cos|~+x+x%|-
2

= —=cos —+x+x2)—

Mathematica [A] time = 0.0500704, size = 39, normalized size = 0.95

31 (—\/2_715 (zf/;_nl) - 2cos (x2 +x+ }L))

Antiderivative was successfully verified.

[In] Integrate[x*Sin[1/4 + x + x72],x]

[Out] (-2*Cos[1/4 + x + x72] - Sqrt[2xPi]l*FresnelS[(1 + 2*x)/Sqrt[2*Pi]])/4

Maple [A] time = 0.009, size = 30, normalized size = 0.7

2 cos (411 fx+ xZ) - \/szresnels [% (x + %))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*sin(1/4+x+x"2),x)

[Out] -1/2%cos(1/4+x+x72)-1/4*%27(1/2)*Pi~(1/2)*FresnelS(27(1/2)/Pi~(1/2)*(x+1/2))

Maxima [C] time = 4.14306, size = 166, normalized size = 4.05

.2, 1 2 _l‘
2048x(e(”‘ i), i 41)) VA tdxt 1(— (256i + 256) \/iﬁ(erf(,/ixz vixd 311) - 1) + (256i - 256)

4096 (2x + 1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*sin(1/4+x+x72),x, algorithm="maxima")

[Out] -1/4096%(2048*x* (e~ (I*x~2 + I*x + 1/4%I) + e~ (-I*x"2 - I*x - 1/4%I)) - sqrt
(4*x72 + 4xx + 1)*(-(256*I + 256)*sqrt(2)*sqrt(pi)*(erf (sqrt(I*x~2 + I*x +
1/4%1)) - 1) + (266%I - 256)*sqrt(2)*sqrt(pi)*(erf(sqrt(-I*x~2 - I*x - 1/4%
D) - 1)) + 1024*e™ (I*x"2 + Ixx + 1/4xI) + 1024*xe” (-I*x"2 - Ixx - 1/4%I))/(

2%xx + 1)

Fricas [A] time = 1.39032, size = 124, normalized size = 3.02

—411\/5\/%3(\6(22—5/;1)]—% cos(x2+x+31)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(1/4+x+x72),x, algorithm="fricas")

[Out] -1/4*sqrt(2)*sqrt(pi)*fresnel sin(1/2*sqrt(2)*(2*x + 1)/sqrt(pi)) - 1/2xcos
(x72 + x + 1/4)

Sympy [B] time = 1.14774, size = 160, normalized size = 3.9

(e s)rl) ams(Eea) et sems( 8

sr(z) 2 sr(Z) 16r(1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(1/4+x+x**2) ,x)

[Out] -3*sqrt(2)*sqrt(pi)*x*fresnels(sqrt(2)*x/sqrt(pi) + sqrt(2)/(2*sqrt(pi)))*g
amma (3/4) / (8*gamma(7/4)) + sqrt(2)*sqrt(pi)*x*fresnels(sqrt(2)*x/sqrt(pi) +

sqrt (2)/(2xsqrt(pi))) /2 - 3*cos((x + 1/2)**2)*gamma(3/4)/(8*gamma(7/4)) -

3*sqrt (2) *sqrt (pi) *fresnels(sqrt (2) *x/sqrt (pi) + sqrt(2)/(2*sqrt(pi)))*gamm
a(3/4)/(16xgamma(7/4))




80

Giac [C] time = 1.29688, size = 88, normalized size = 2.15

- (11_61 - 11_6) \/Eﬁerf((ii - 31) V2(2x + 1)) + (11_61 + 11_6) \/Ex/Eerf(— (311 + i) V2(2x + 1)) - }Le(ix2+ix+‘l*i) - 15

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(1/4+x+x72),x, algorithm="giac")

[Out] -(1/16*I - 1/16)*sqrt(2)*sqrt(pi)*erf ((1/4*I - 1/4)*sqrt(2)*(2*x + 1)) + (1
/16%I + 1/16)*sqrt(2)*sqrt(pi)*erf (-(1/4*I + 1/4)*sqrt(2)*(2xx + 1)) - 1/4x
e” (I*x"2 + I*x + 1/4xI) - 1/4%e”(-I*x"2 - Ixx - 1/4x%I)
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3.13 fsin (}L +x+ x2) dx

Optimal. Leaf size=24

V3l

[Out] Sqrt([Pi/2]*FresnelS[(1 + 2xx)/Sqrt[2%Pi]]

Rubi [A] time = 0.0060308, antiderivative size = 24, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 9, i I b R

0.222, Rules used = {3445, 3351}
g (Zx + 1)
2\ \2r

integrand size

Antiderivative was successfully verified.

[In] Int[Sin[1/4 + x + x~2],x]

[Out] Sqrt([Pi/2]*FresnelS[(1 + 2*x)/Sqrt[2*Pi]]

Rule 3445

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Sin[(b + 2xc*x
)72/ (4xc)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4+*axc, 0]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)]1)/(f*Rtld, 2]), x] /; FreeQl{d, e, f}, x]

Rubi steps
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Mathematica [A] time = 0.0265427, size = 24, normalized size = 1.

T (Zx +1 )
2 \\2n
Antiderivative was successfully verified.

[In] Integrate[Sin[1/4 + x + x72],x]

[Out] Sqrt[Pi/2]*FresnelS[(1 + 2x*x)/Sqrt[2*Pi]]

Maple [A] time = 0.007, size = 20, normalized size = 0.8

ﬁfFresnelS [% (x + %)]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(1/4+x+x72),x)

[Out] 1/2*%27(1/2)*Pi~(1/2)*FresnelS(2”(1/2)/Pi~(1/2)*(x+1/2))

Maxima [C] time = 3.76987, size = 95, normalized size = 3.96

11—6 \/%((i +1) \/Eerf(—% (—1)3 Qix+ i)) +(+1) \/Eerf(— (iz - 31) V2(2ix + i)) —(i-1) \/Eerf(— (}Iz + 31

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x72),x, algorithm="maxima"

[Out] 1/16*sqrt(pi)*((I + 1)*sqrt(2)*erf(-1/2*%(-1)"(3/4)*(2xI*x + I)) + (I + 1)*s
qrt (2) *erf (-(1/4*I - 1/4)*sqrt(2)*(2*I*x + I)) - (I - 1)*sqrt(2)*erf(-(1/4x
I + 1/4)*sqrt(2)*x(2xI*xx + I)) + (I - 1)*sqrt(2)*erf(1/2x(2xI*x + I)/sqrt(-I

)))




83

Fricas [A] time = 1.35415, size = 89, normalized size = 3.71

1 V22 x+1)
5 \/Ex/%s[—zﬁ )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x72),x, algorithm="fricas")

[Out] 1/2*sqrt(2)*sqrt(pi)*fresnel sin(1/2xsqrt(2)*(2*x + 1)/sqrt(pi))

Sympy [A] time = 0.499589, size = 29, normalized size = 1.21

(22

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x*%2),x%)

[Out] sqrt(2)*sqrt(pi)*fresnels(sqrt(2)*(2*x + 1)/(2*sqrt(pi)))/2

Giac [C] time = 1.17521, size = 53, normalized size = 2.21
1. 1 1. 1 1, 1 1, 1
(gl - g) \/E\/%erf((zl - Z) \/§(2x + 1)) - (gl + g) \/E\/%erf(— (A_Ll + Z) \/E(Zx + 1))
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sin(1/4+x+x"2),x, algorithm="giac")

[Out] (1/8%I - 1/8)*sqrt(2)*sqrt(pi)*erf((1/4*I - 1/4)*sqrt(2)*(2*x + 1)) - (1/8%
I + 1/8)*sqrt(2)*sqrt(pi)*erf(-(1/4*I + 1/4)*sqrt(2)*(2*x + 1))
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. (1 )
S11 Z+x+x
314 | dx
X
Optimal. Leaf size=15
sin (xz +x+ }1)
Unintegrable ,X

X

[Out] Unintegrable[Sin[1/4 + x + x72]/x, x]

Rubi [A] time = 0.0080294, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — :
integrand size

*)

Rules used = {}

(1 ’
sin(;+x+x

f dx
X

Verification is Not applicable to the result.

[In] Int[Sin[1/4 + x + x72]/x,x]

[Out] Defer[Int][Sin[1/4 + x + x~2]/x, x]
Rubi steps

(1 ’
Sin Z+x+x

dx

X

(i ove)
S1n Z+x+x
[

X

Mathematica [A] time = 14.4811, size = 0, normalized size = 0.

. (1 5
sin{;+x+x
f dx
X

Verification is Not applicable to the result.

[In] Integrate[Sin[1/4 + x + x72]/x,x]
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[Out] Integrate[Sin[1/4 + x + x72]/x, x]

Maple [A] time = 0.063, size = 0, normalized size = 0.

1 1
f—sin(—+x+x2)dx
X 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(1/4+x+x72)/x,x)

[Out] int(sin(1/4+x+x72)/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

1
X2 +x+ =

fsm( - 4)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x"2)/x,x, algorithm="maxima")

[Out] integrate(sin(x"2 + x + 1/4)/x, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

(o 1
sin (x* +x + 7

integral ,X

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x72)/x,x, algorithm="fricas")

[Out] integral(sin(x~2 + x + 1/4)/x, x)
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Sympy [A] time = 0., size = 0, normalized size = 0.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x*%*2)/x,x)

[Out] Integral(sin(x**2 + x + 1/4)/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x72)/x,x, algorithm="giac")

[Out] integrate(sin(x"2 + x + 1/4)/x, x)
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sin(}l
315
Optimal. Leaf size=52

2 1
COS | X +X+Z

Unintegrable

X

or+1 sin(x2+x+i)
x

,x |+ \/2_nFresne1C (
Van

[Out] Sqrt[2*Pi]*FresnelC[(1 + 2%x)/Sqrt[2*Pi]] - Sin[1/4 + x + x72]/x + Unintegr
able[Cos[1/4 + x + x72]/x, x]

Rubi [A] time = 0.0246402, antiderivative size = 0, normalized size of antiderivative =

number of rules
*y

0., number of steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

integrand size

. (1 ’
sin| 7 +x+x

f 2 dx

Verification is Not applicable to the result.

[In] Int[Sin[1/4 + x + x72]/x72,x]

[Out] Sqrt[2*Pi]*FresnelC[(1 + 2*x)/Sqrt[2#Pi]] - Sin[1/4 + x + x72]/x + Defer[In
t] [Cos[1/4 + x + x72]/x, x]

Rubi steps

sin(1+x+x2) sin(1+x+x2) cos(1+x+x2)

4 4 1 ) 4

f 5 dx = — +2fcos(—+x+x)dx+f dx
X X 4 X

. (1 ’ 1 ’
sin{- +x+x - +x+x

1 cos(
-\ + 2fcos (1(1 + 2x)2) dx +f i dx

X X

sin Z+x+x COS Z+x+x

o)
X X

dx

()



Mathematica [A] time = 11.5538, size = 0, normalized size = 0.

. (1 2
Sin Z+x+x
[— L
X

Verification is Not applicable to the result.

[In] Integrate[Sin[1/4 + x + x72]/x72,x]

[Out] Integrate[Sin[1/4 + x + x72]/x72, x]

88

Maple [A] time = 0.066, size = 0, normalized size = 0.

1 1
f;sin(1+x+x2)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(1/4+x+x"2)/x"2,x%)

[Out] int(sin(1/4+x+x"2)/x"2,x)

Maxima [A] time = 0., size = 0, normalized size = 0.
. (. 1
sin (x* +x + ;

f " dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x72)/x"2,x, algorithm="maxima"

[Out] integrate(sin(x”"2 + x + 1/4)/x72, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

(o 1
sin (x* +x + ;

integral ,X

x2



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x72)/x72,x, algorithm="fricas")

[Out] integral(sin(x”2 + x + 1/4)/x72, x)

89

Sympy [A] time = 0., size = 0, normalized size = 0.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x*%2)/x**2,x)

[Out] Integral(sin(x**2 + x + 1/4)/x**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

1
x2+x+—)
d

in
fs ( :
X
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x72)/x"2,x, algorithm="giac")

[Out] integrate(sin(x”2 + x + 1/4)/x72, x)
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3.16 fxz sin® (a + bx + cxz) dx

Optimal. Leaf size=248

. 3 b_2 b+2cx > 3 b_2 b+2cx > ( B f) (b+2cx) (,
\/ﬁsm(Za 2C)FresnelC(\/;\/z) . \mb 005(2{1 2C)FresnelC(\/E\/z) Vrb*sin(2a - | S N \mcos |

1632 1652 1652

[Out] x73/6 - (b~2xSqrt[Pi]l*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]l*Sq
rt[Pi])]1)/(16*xc~(5/2)) + (Sqrt[Pil*Cos[2*a - b~2/(2%c)]*FresnelS[(b + 2*c*x

)/ (Sqrt [c]*Sqrt[Pi])])/(16%c~(3/2)) + (Sqrt[Pi]*FresnelC[(b + 2*c*x)/(Sqrt[
c]*Sqrt [Pi])]1*Sin[2*a - b~2/(2%c)])/(16%c~(3/2)) + (b~2xSqrt[Pi]*FresnelS[(

b + 2xc*x)/(Sqrt[cl*Sqrt[Pi])]*Sin[2*a - b~2/(2%c)])/(16*c~(5/2)) + (b*Sin[

2%a + 2%b*x + 2xc*x”"2])/(16%c”2) - (x*Sin[2%a + 2%b*x + 2xc*xx”2])/(8%c)

Rubi [A] time = 0.227181, antiderivative size = 248, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 7, integrand size = 17, number of rules_

0.412, Rules used = {3467, 3464, 3447, 3351, 3352, 3462, 3448}

\/msin (Za——)FresnelC(i/Jr_z\c;) \mb? cos( u——)FresnelC(i/Jr_z\c;) \/_bzsm( a—Z—z)S(i/;f/C;) /1t cos (I

integrand size

16¢3/2 16¢5/2 16¢5/2

Antiderivative was successfully verified.

[In] Int[x"2%Sinl[a + b*x + c*x~2]72,x]

[Out] x73/6 - (b~2xSqrt[Pi]*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2x*c*x)/(Sqrt[c]l*Sq
rt[Pi])]1)/(16*xc~(5/2)) + (Sqrt[Pi]l*Cos[2*a - b~2/(2%c)]*FresnelS[(b + 2*c*x

)/ (Sqrt [c]*Sqrt[Pi])])/(16%c~(3/2)) + (Sqrt[Pi]*FresnelC[(b + 2*c*x)/(Sqrt[
c]*Sqrt [Pi])]1*Sin[2*a - b~2/(2%c)])/(16%c~(3/2)) + (b~2xSqrt[Pi]*FresnelS[(

b + 2xc*x)/(Sqrt[cl*Sqrt[Pi])]*Sin[2*a - b~2/(2%c)])/(16*c~(5/2)) + (b*Sin[

2%a + 2%b*x + 2xc*x”2])/(16%c”2) - (x*Sin[2%a + 2%b*x + 2xc*xx”2])/(8%c)

Rule 3467

Int[((d_.) + (e_)*(x_))"(m_.)*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]17(n_),
x_Symbol] :> Int[ExpandTrigReduce[(d + exx)"m, Sin[a + b*x + c*x72]"n, x],
x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 3464
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Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*x(x_)72]*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[(ex(d + exx)"(m - 1)*Sin[a + b*x + c*x72])/(2%c), x] + (-Dist[
(e”2%(m - 1))/ (2%c), Int[(d + exx)"(m - 2)*Sin[a + b*x + c*x"2], x], x] - D
ist[(bxe - 2xc*xd)/(2%c), Int[(d + e*x)"(m - 1)*Cosl[a + b*x + c*x~2], x], x]
) /; FreeQl{a, b, c, d, e}, x] && NeQ[b*e - 2*c*d, 0] && GtQ[m, 1]

Rule 3447

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Int[Sin[(b + 2xc*x)"2/(4*c)], x], x] - Dist[Sin[(b~2 - 4*ax*c)/
(4%c)], Int[Cos[(b + 2%c*x)"2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3351

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, xI]

Rule 3352

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQl[{d, e, f}, xI]

Rule 3462

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[(e*Sinf[a + b*x + c*x72])/(2%c), x] + Dist[(2%c*xd - bxe)/(2%c), Int[
Cos[a + b*x + c*xx72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bx*
e, 0]

Rule 3448

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Intl[Cos[(b + 2xc*x)~2/(4*c)], x], x] + Dist[Sin[(b~2 - 4*ax*c)/
(4xc)], Int[Sin[(b + 2*xc*x)~"2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rubi steps
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2

2 i 2 _ x> 1, 2
fx sin (a+bx+cx)dx—f(5—§x cos(2a+2bx+2cx )) dx

o1 5 5
:g_i xcos(2a+2bx+2cx)dx

3 xsin(2a + 2bx + 2cx? sin (2a + 2bx + 2cx2) dx b [ xcos(2a + 2bx + 2cx?

(

=—- + + ’

6 8c 8c 4c

w3 bsin (211 + 2bx + 2sz) xsin (Za + 2bx + 2sz) b? f oS (Za +2bx + 2sz) dx
= — + — _

6 16¢2 8c 8c?

»? b+2cx b+2cx\ . b2

x3 Vmcos (2“_ Z)S(\/E\/E) ﬁC(\/Eﬁ)sm (2‘1_ Z) bsin (2a+2bx+2cx2)

6 " 1632 " 16¢3/2 " 16¢2
2 2
3 b*\mcos 2a—b— C bracy T COS 2a—b— S b+2ex 7iC bracy sin (2a

X 2 Vevn 2 Ve Ve

6 16072 " 1632 " 16072

Mathematica [A] time = 0.65494, size = 170, normalized size = 0.69

2

—3+/rFresnelC (f/;zf/;) (b2 cos (211 - Z—i) — csin (211 - z—i)) +34/1tS (}z/;i;;) (b2 sin (211 - Z—i) +ccos (2a - %)) +4/c (31
48¢52

Antiderivative was successfully verified.

[In] Integrate[x~2xSin[a + b*x + c*x~2]72,x]

[Out] (3*%Sqrt[Pi]*FresnelS[(b + 2*c*x)/(Sqrt[c]l*Sqrt[Pi])]*(c*Cos[2*xa - b~2/(2%c)
] + b™2xSin[2%a - b~™2/(2*c)]) - 3*Sqrt[Pi]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sq
rt[Pi])]1*(b"2%Cos[2*a - b~2/(2xc)] - c*Sin[2*a - b~2/(2*c)]) + Sqrt[c]l*(8*c
"2%x73 + 3x(b - 2xckx)*Sin[2+(a + x*(b + c*x))]))/(48%c™(5/2))

Maple [A] time = 0.018, size = 191, normalized size = 0.8

NG

3 xsin(2cx?2+2bx+2a sin(2cx?2 +2bx+2a _ 2
X ( ) b ( )— bﬁ (cos (ﬂ) FresnelC(Zcx+b ! )+Sin (

—_— +_
6 8c 4c 4c 4 2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*sin(c*x~2+b*x+a) ~2,x)
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[Out] 1/6*x73-1/8*x*sin(2*xc*x~2+2%b*x+2%a)/c+1/4*xb/cx(1/4xsin (2*c*x~2+2*b*x+2%a)/
c-1/4xb/c”(3/2)*Pi~ (1/2) *(cos (1/2* (-4*a*xc+b~2)/c) *FresnelC((2*c*x+b)/c~(1/2
)Y/Pi~(1/2))+sin(1/2*(-4*a*xc+b~2) /c)*FresnelS((2*c*x+b) /c~(1/2) /Pi~(1/2))))+
1/16/c~(3/2)*Pi~(1/2) *(cos (1/2*(-4*a*xc+b~2) /c)*FresnelS ((2*c*x+b) /c~(1/2) /P
i7(1/2))-sin(1/2*%(-4*a*xc+b~2) /c)*FresnelC((2*c*x+b) /c~(1/2) /Pi~(1/2)))

Maxima [C] time = 3.61573, size = 4236, normalized size = 17.08

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(c*x~2+b*x+a)”2,x, algorithm="maxima")

[Out] 1/192%sqrt(2)*(2*sqrt(2)*(8*c~3*xx"3*%abs(c) - b*cx(3xI*xe” (1/2%(4*I*c™2*x"2 +
4xT*bxcxx + I*b72)/c) - 3xIxe” (-1/2%x(4xI*c”2xx"2 + 4*xIxb*cxx + Ixb~2)/c))*
abs(c)*cos(-1/2*%(b~2 - 4*axc)/c) + 3xb*xcx(e”(1/2%(4*I*c™2*x"2 + 4xI*bxc*x +
I¥b~2)/c) + e (-1/2%x(4*Ixc™2%x"2 + 4*xI*bxc*x + I*b~2)/c))*abs(c)*sin(-1/2%
(b™2 - 4x*axc)/c))*x((4*c™2%x72 + 4xbxc*x + b72)/abs(c))~(3/2) + (6xb~3*(gamm
a(3/2, 1/2x(4xI*c”2%x72 + 4xIxbkxcxx + I*b~2)/c) + gamma(3/2, -1/2%(4*I*xc~2x
X"2 + 4xIxbxc*x + I*b~2)/c))*abs(c)*cos(-1/2x(b~2 - 4*a*xc)/c) - b~3x(6xI*ga
mma (3/2, 1/2x(4xI*c™2%x72 + 4xIxbkxcxx + I*b~2)/c) - 6*%Ixgamma(3/2, -1/2x(4%
Ixc™2%x"2 + 4xIxb*cxx + I*b~2)/c))*abs(c)*sin(-1/2x(b~2 - 4xaxc)/c) + (48%c
“3x(gamma (3/2, 1/2%(4*I*c™2%xx"2 + 4*xIxbxc*x + I*b~2)/c) + gamma(3/2, -1/2x(
4*xI*Cc™2xx72 + 4*Ixbxcxx + I*b~2)/c))*abs(c)*cos(-1/2%(b"2 - 4*axc)/c) - c~3
*x (48*Ixgamma (3/2, 1/2*%(4*Ixc~2*xx"2 + 4*Ixbxc*x + I*b~2)/c) - 48*Ixgamma(3/2
, —1/2%x(4*%I*c™2%x"2 + 4xIxbxc*xx + I*b~2)/c))*abs(c)*sin(-1/2x(b"2 - 4xaxc)/
c))*x~3 + (72xb*xc”2x(gamma(3/2, 1/2%(4*I*c™2%x72 + 4xI*bkckxx + I*b72)/c) +
gamma (3/2, -1/2%(4xI*c™2*%x"2 + 4*I*b*cxx + I*b~2)/c))*abs(c)*cos(-1/2%(b"2
- 4xaxc)/c) - b*xcT2x(72xIxgamma(3/2, 1/2%(4xI*c”2xx"2 + 4*Ixb*c*xx + I*b~2)/
c) - T72xIxgamma(3/2, -1/2%(4*I*c™2*x7"2 + 4xI*bkxcxx + I*b~2)/c))*abs(c)*sin(
-1/2%x(b"2 - 4xax*xc)/c))*x"2 + (36%b~2xc*(gamma (3/2, 1/2%(4*xIxc”2*x"2 + 4*I*b
xckxx + I*b72)/c) + gamma(3/2, -1/2%(4*xI*c”2%xx"2 + 4*Ixb*ckx + I*b~2)/c))*ab
s(c)*cos(-1/2%(b"2 - 4xaxc)/c) - b~ 2*c*(36xIxgamma(3/2, 1/2x(4*xIxc™2*x"2 +
4xI*xbxc*xx + I*b72)/c) - 36*Ixgamma(3/2, -1/2x(4xI*c™2%x72 + 4xIxbkcxx + Ix*b
~2)/c))*abs(c)*sin(-1/2%(b"2 - 4xax*c)/c))*x)*cos(3/2*arctan2(2*x (4*c™2%x"2 +
4xb*xcxx + b~2)/c, 0)) - (3*(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c™2*x"2 + 4%
I*xb*c*xx + I*¥b"2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2*x"2 + 4%
I*xbxc*x + I*b72)/c)) - 1))*b~Bkxcos(-1/2x(b"2 - 4xa*xc)/c) + (-3xI*xsqrt(pi)*(
erf (sqrt(1/2)*sqrt ((4*Ixc~2*xx"2 + 4*Ixb*c*x + I*b~2)/c)) - 1) + 3*I*xsqrt(pi
)*(erf (sqrt (1/2) *sqrt (- (4*I*c™2%x"2 + 4xIxbkcxx + I*b~2)/c)) - 1))*b~b*sin(
-1/2%x(b"2 - 4xax*xc)/c) + (24x(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*c™2xx"2 + 4x
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Ixb*cxx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c™2*xx"2 + 4%
I*¥bxc*xx + I*b72)/c)) - 1))*b~2%c™3*cos(-1/2%(b"2 - 4xaxc)/c) + (-24*I*xsqrt(
pi)*(erf (sqrt(1/2)*sqrt ((4*Ixc~2*x~2 + 4*I*xbxc*x + I*b~2)/c)) - 1) + 24xIxs
qrt(pi)*(erf (sqrt(1/2) *sqrt (- (4*xI*c™2%x"2 + 4*Ixb*xc*x + I*b~2)/c)) - 1))*b”
2%c”"3*sin(-1/2%(b~2 - 4*axc)/c))*x"3 + (36*%(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4
xIkc™2%xx"2 + 4*Ixbkcxx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4
*I*xCcT2%xx"2 + 4xIxbkckx + I*b72)/c)) - 1))*b~3xc™2xcos(-1/2%(b"2 - 4xaxc)/c)
+ (-36*I*xsqrt(pi)*(erf(sqrt(1/2)*sqrt ((4*xI*c™2%x"2 + 4xIxb*xcxx + I*b~2)/c)
) = 1) + 36*Ixsqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2%x"2 + 4*Ixb*ckx + I*xb~
2)/c)) - 1))*b~3*c”"2*xsin(-1/2%(b"2 - 4*axc)/c))*x"2 + (18*(sqrt(pi)*(erf(sq
rt(1/2)*sqrt ((4*Ixc™2%x72 + 4*xIxbxc*x + I*b72)/c)) - 1) + sqrt(pi)*(erf(sqr
t(1/2) *sqrt (- (4*I*c™2%x72 + 4xI*bxc*x + I*b~2)/c)) - 1))*b~4*xc*cos(-1/2* (b~
2 - 4xaxc)/c) + (-18xIxsqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*xc 2*xx"2 + 4*Ixb*cx
x + Ixb72)/c)) - 1) + 18xI*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2*x"2 + 4xI
xb*xcxx + Ixb~2)/c)) - 1))*b"4xc*xsin(-1/2%x(b~2 - 4xa*c)/c))*x)*cos(l/2*arcta
n2 (2% (4*c™2*x"2 + 4*bkxcxx + b~2)/c, 0)) - (b"3*(6*I*gamma(3/2, 1/2%(4xI*c”2
*x72 + 4xIxbxckx + I*b72)/c) - 6xIxgamma(3/2, -1/2%(4*I*c™2xx"2 + 4*xIxbxc*x
+ I*xb~2)/c))*abs(c)*cos(-1/2%(b"2 - 4*axc)/c) + 6%b~3x(gamma(3/2, 1/2x(4*I
*xCT2%x"2 + 4xIxbxc*x + I*b~2)/c) + gamma(3/2, -1/2%(4xI*c”2xx"2 + 4*xIxb*c*x
+ I*¥b~2)/c))*abs(c)*sin(-1/2x(b"2 - 4xa*c)/c) + (c~3*%(48*Ixgamma(3/2, 1/2%
(4*T*c™2%x72 + 4xIxbkxcxx + I*¥b~2)/c) - 48*Ikxgamma(3/2, -1/2*x(4xI*c”2%x"2 +
4xI*xbxc*x + I*b~2)/c))*abs(c)*cos(-1/2x(b~2 - 4*a*xc)/c) + 48*c”3*(gamma(3/2
, 1/2%(4%I*c™2%x72 + 4xIxbkxcxx + I*b72)/c) + gamma(3/2, -1/2%(4*I*c™2*x"2 +
4xIxbxckx + I*b~2)/c))*abs(c)*sin(-1/2%x(b72 - 4*axc)/c))*x"3 + (bxc™2x(72%
Ixgamma (3/2, 1/2x(4xI*c”™2%x72 + 4xIxb*cxx + I*xb~2)/c) - 72+I*xgamma(3/2, -1/
2% (4xIxc™2xx"2 + 4xIxbkckx + I*b~2)/c))*abs(c)*cos(-1/2x(b"2 - 4xaxc)/c) +
72xbxc” 2% (gamma (3/2, 1/2x(4*xI*c™2%x72 + 4xIxbkxcxx + I*b”2)/c) + gamma(3/2,
-1/2%(4*I*c™2%x72 + 4*I*b*c*x + I*b~2)/c))*abs(c)*sin(-1/2*%(b"2 - 4xaxc)/c)
)*¥x72 + (b72xc* (36*I*xgamma(3/2, 1/2%x(4*I*c™2%x72 + 4xIxbkxcxx + I*b~2)/c) -
36*%Ixgamma (3/2, -1/2%(4*I*c™2%x"2 + 4xIxbkxcxx + I*b~2)/c))*abs(c)*cos(-1/2%
(b™2 - 4xaxc)/c) + 36*b"2*c*k(gamma(3/2, 1/2%(4*xI*c”2xx"2 + 4*Ixb*ckx + I*xb~
2)/c) + gamma(3/2, -1/2x(4xI*c™2%x72 + 4xIxbkxcxx + I*b~2)/c))*abs(c)*sin(-1
/2x(b72 - 4*axc)/c))*x)*sin(3/2%arctan2 (2% (4*c”™2*%x"2 + 4*b*c*x + b"2)/c, 0)
) — ((-3*Ixsqrt(pi)*(erf(sqrt(1/2)*sqrt ((4*xI*c™2%x"2 + 4xIxb*cxx + I*b~2)/c
)) = 1) + 3*Ixsqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2%xx"2 + 4*Ixb*c*kx + Ixb~
2)/c)) - 1))*b~b*xcos(-1/2%x(b"2 - 4xaxc)/c) - 3*(sqrt(pi)*(erf(sqrt(1/2)*sqr
t ((4*xI*c™2%x"2 + 4xI*xbxcxx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt
(- (4*%I*c™2%x72 + 4*xIxbkxckx + I*b72)/c)) - 1))*b"bxsin(-1/2%(b72 - 4*ax*xc)/c)
+ ((-24xI*sqrt(pi)*(erf (sqrt(1/2)*sqrt((4*I*xc 2*xx"2 + 4*Ixb*xc*x + I*b~2)/c
)) = 1) + 24xI*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2*x"2 + 4xI*bxc*x + I*Db
~2)/c)) - 1))xb"2xc"3*cos(-1/2%x(b"2 - 4xax*c)/c) - 24x(sqrt(pi)*(erf(sqrt(1/
2) *sqrt ((4xI*c™2%x72 + 4*xIxb*cxx + Ixb~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2
)*sqrt (- (4xI*c™2*%x"2 + 4xIxb*cxx + I*b~2)/c)) - 1))*b"2xc”3*sin(-1/2*%(b"2 -
4xaxc)/c))*x”3 + ((-36*%Ixsqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c™2*x"2 + 4xI*Db
xc*xx + I*b72)/c)) - 1) + 36xIxsqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c™2*x"2 +



95

4xI*bxc*x + I*b72)/c)) - 1))*b~3%c™2*cos(-1/2%(b"2 - 4xaxc)/c) - 36x(sqrt(p
i)*(erf (sqrt(1/2)*sqrt ((4*I*c™2%x72 + 4xIxbkxcxx + I*b~2)/c)) - 1) + sqrt(pi
)*(erf (sqrt (1/2) *sqrt (- (4*I*c™2%x72 + 4xIxbkxcxx + I*b72)/c)) - 1))*b~3*c™2%
sin(-1/2*%(b"2 - 4xaxc)/c))*x"2 + ((-18*Ixsqrt(pi)*(erf(sqrt(1/2)*sqrt ((4*Ix*
CT2%x72 + 4xIxbkckxx + I*¥b~2)/c)) - 1) + 18*Ikxsqrt(pi)*(erf(sqrt(1/2)*sqrt(-
(4xI*c™2%x72 + 4*I*bkcxx + I*b72)/c)) - 1))*b 4*cxcos(-1/2%(b"2 - 4*axc)/c)
- 18x(sqrt (pi)*(erf (sqrt(1/2) *sqrt ((4*xI*c”™2%x"2 + 4*xIxb*cxx + I*b~2)/c)) -

1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2*x"2 + 4xI*bxc*x + I*b~2)/c)) -

1)) *b~4*c*xsin(-1/2x(b~2 - 4xa*xc)/c))*x)*sin(1/2*arctan2(2*(4*xc”2*xx"2 + 4%*Db
*c*xx + b72)/c, 0)))/(c™3x((4*c™2*%x™2 + 4xbkc*x + b~2)/abs(c))~(3/2)*abs(c))

Fricas [A] time = 1.60878, size = 440, normalized size = 1.77

2 2 (2cx+b),/ -
8c3x3—6(2c2x—bc)cos(cx2+bx+a) sin(cx2+bx+a)—3(nbzcos (—b 4uc)—ncsin(—b 4“)) EC( ’
2¢ 2¢ e c

48 c3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(c*x~2+b*x+a)”2,x, algorithm="fricas")

[Out] 1/48*%(8*c”~3*x"3 — 6% (2*%c™2%x - b*c)*cos(c*x™2 + b*x + a)*sin(c*x™2 + b*xx +
a) - 3%(pixb~2kcos(-1/2*(b™2 - 4xakc)/c) - pixcksin(-1/2%(b™2 - 4xakc)/c))x

sqrt (c/pi)*fresnel_cos((2*xc*x + b)*sqrt(c/pi)/c) + 3*(pixb~2%sin(-1/2%(b~2

- 4xaxc)/c) + pi*cxcos(-1/2%(b"2 - 4xaxc)/c))*sqrt(c/pi)*fresnel sin((2xc*x

+ b)*sqrt(c/pi)/c))/c”3

Sympy [F] time = 0., size = 0, normalized size = 0.

fxz sin® (a +bx + cx2) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*sin(ckx**2+b*x+a)**2,x)

[Out] Integral(x**2*sin(a + b*x + cxx**2)*x2, x)
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Giac [C] time = 1.24306, size = 289, normalized size = 1.17
. N (7ib2£4iac)
; . . . V(P +ic)erf(—5 e(2x+2 —%+1 e ¢ ; , ,
(C(—Zix _ ?b) + 92 b)e(216x2+21 bx+21a) _ ( ) ( 2 ( — )( el )) (C(Zix + ?b) ¥ b)e(—chxz—Zz b3
Vi)

—_— x —_—
6 32¢?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(c*x~2+bxx+a)~2,x, algorithm="giac")

[Out] 1/6%x73 - 1/32x((c*(-2%xIxx - I*b/c) + 2xIxb)*e” (2xIxc*x"2 + 2xIxb*x + 2xIxa
) - sqrt(pi)*(b~2 + Ixc)*erf(-1/2*xsqrt(c)*(2*x + b/c)*(-I*c/abs(c) + 1))*e”
(-1/2%(I*¥b~2 - 4xIxaxc)/c)/(sqrt(c)*(-Ixc/abs(c) + 1)))/c”2 - 1/32x((c*x(2*I

xx + Ixb/c) - 2*Ixb)*e” (-2xI*c*x~2 - 2*I*xb*x - 2%I*a) - sqrt(pi)*(b”"2 - Ix*c

)*xerf (-1/2*xsqrt(c)*(2*x + b/c)*(I*xc/abs(c) + 1))xe”(-1/2x(-Ixb~2 + 4xIxaxc)
/c)/(sqrt(c)*(I*c/abs(c) + 1)))/c2
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3.17 fxsin2 (a + bx + cxz) dx

Optimal. Leaf size=126

b2 b+2cx . v? b+2cx
\/1b cos (211 - Z) FresnelC (W) i \/mbsin (2a - Z) S (W) sin (Za 4 by + 2sz) . 2
8c3/2 8¢3/2 8¢ 4

[Out] x72/4 + (b*Sqrt[Pi]*Cos[2*a - b~2/(2xc)]*FresnelC[(b + 2xc*x)/(Sqrt[c]*Sqrt
[(Pi1)]1)/(8%c~(3/2)) - (b*Sqrt[Pil*FresnelS[(b + 2xc*x)/(Sqrt[c]l*Sqrt[Pi])]*
Sin[2%a - b~2/(2%c)])/(8*c™(3/2)) - Sin[2*a + 2xb*x + 2*c*xx~2]/(8%c)

Rubi [A] time = 0.0728105, antiderivative size = 126, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 15, T~ > %% _

integrand size
0.333, Rules used = {3467, 3462, 3448, 3352, 3351}

b? b+2 . b b+2
\/1tb cos (Za - Z) FresnelC (\/%\C/;) . \/mbsin (2a - Z) S (\/_C—\/C;) sin (2a +2bx + 2cx2) ) 2
8c3/2 8¢3/2 8¢ 4

Antiderivative was successfully verified.

[In] Int[x*Sin[a + b*x + c*x~2]72,x]

[Out] x72/4 + (b*Sqrt[Pi]*Cos[2*a - b~2/(2%c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt
[Pi]1)]1)/(8%c~(3/2)) - (b*Sqrt[Pi]*FresnelS[(b + 2x*c*x)/(Sqrt[cl*Sqrt[Pi])]*
Sin[2xa - b72/(2%c)])/(8%c~(3/2)) - Sin[2%a + 2*b*x + 2xc*x~2]/(8*c)

Rule 3467

Int[((d_.) + (e_)*(x_))"(m_.)*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]17(n_),
x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sin[a + b*x + c*x~2]"°n, x],
x] /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[n, 1]

Rule 3462

Int[Cosl[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[(exSin[a + b*x + c*x72])/(2*c), x] + Dist[(2*cxd - bxe)/(2*c), Int[
Cos[a + b*x + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*cxd - bx*
e, 0]

Rule 3448
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Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Int[Cos[(b + 2%c*x)~2/(4*xc)], x], x] + Dist[Sin[(b~2 - 4xaxc)/
(4xc)], Int[Sin[(b + 2xc*xx)~2/(4xc)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3352
Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, xI]
Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQl{d, e, f}, x]

Rubi steps

1
fxsin2 (u + bx + cxz) dx = f (;—C — 5xcos (Za + 2bx + 2cx2)) dx

¥ 1 )
= Z—Efxcos(2u+2bx+2cx ) dx

2 sin (Za + 2bx + 2sz) b f oS (Za +2bx + 2cx2) dx
T4 8c - 4c

¥ (2b+4cx)? ) b2
2 sin (2a 4 2bx + 20x2) (b coS (Za - Z)) fcos (—Sccx ) dx (bsm (2a - Z)) fs

- +

Z 8¢ 4c

4c

b2 b+2cx b+2cx\ . b2
X2 .\ b/m cos (2‘1 - 2_c) C (\/;\/;) _ b\rS (\/+E\/E) S (2‘1 - 2_6) B sin (Za + 2bx + 2cx2)

8C3/ 2 8 C3/2

Mathematica [A] time = 0.280254, size = 118, normalized size = 0.94

\/mtb cos (Za -~ z—i) FresnelC (3;2\(:/;) — /b sin (Za -~ Z—i) S (i’;;/c;) ++/c (2cx2 —sin(2(a + x(b + cx))))
8c3/2

Antiderivative was successfully verified.

[In] Integrate[x*Sin[a + b*x + c*x72]72,x]

8c

[Out] (b*Sqrt[Pi]l*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]l*Sqrt[Pi])] -

b*Sqrt [Pi] *FresnelS[(b + 2xc*x)/(Sqrtlcl*Sqrt[Pi])]*Sin[2*a - b~2/(2%c)] +
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Sqrtlcl*(2*cxx™2 - Sin[2*(a + xx(b + c*x))]))/(8%c~(3/2))

Maple [A] time = 0.016, size = 95, normalized size = 0.8

2 sin(2cx?+2bx+2a) p -4 b2 2 b1 4 b2 2 !
X ( ) + \E (cos (L) FresnelC ( et —) sin (L) FresnelS ( o

T 2¢ NN 2¢ =

4 8c 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*sin(c*x~2+b*x+a) " 2,x)

[Out] 1/4*x72-1/8*sin(2*%c*x”2+2xb*x+2*a)/c+1/8*b/c”(3/2)*Pi~(1/2)* (cos(1/2%(—4xax
c+b”2)/c) *FresnelC((2*c*xx+b)/c~(1/2) /Pi~(1/2))+sin(1/2*(-4*xa*xc+b~2)/c) *Fres
nelS((2xcxx+b) /c~(1/2) /Pi~(1/2)))

Maxima [C] time = 2.1199, size = 1372, normalized size = 10.89

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(c*x"2+b*x+a)”~2,x, algorithm="maxima")

[Out] 1/32%sqrt(2)*(sqrt(2)*(4*xc™2%xx"2 + c*(I*e” (1/2%(4*I*c™2*%x"2 + 4xI*bxc*x + I
*b72)/c) - Ixe” (-1/2%(4*I*c™2%x"2 + 4*Ixbxc*x + I*b~2)/c))*cos(-1/2%x(b"2 -
4xaxc)/c) - cx(e”(1/2x(4+Ixc™2%x"2 + 4xIxbxcxx + Ixb72)/c) + e~ (-1/2x(4*Ix*c
T2%x72 + 4xIxbkcxx + I*b72)/c))*sin(-1/2% (b2 - 4x*axc)/c))*sqrt((4*xc™2%x"2
+ 4xbkxcxx + b~2)/abs(c)) + ((sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*c™2xx"2 + 4%
Ixbxc*xx + I*b72)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2*xx"2 + 4%
I*xbxc*xx + I*¥b72)/c)) - 1))*b~2*cos(-1/2%x(b"2 - 4xax*c)/c) + (-Ixsqrt(pi)*(er
f(sqrt(1/2)*sqrt ((4*I*c™2*x"2 + 4xI*bxc*x + I*b~2)/c)) - 1) + Ixsqrt(pi)*(e
rf(sqrt(1/2)*sqrt (- (4*I*c™2xx"2 + 4*Ixb*xcxx + I*b~2)/c)) - 1))*b"2%sin(-1/2
x(b72 - 4xaxc)/c) + (2% (sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c™2*x"2 + 4*I*b*c
xx + I*xb72)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2*x"2 + 4xI*b*c
xx + Ixb~2)/c)) - 1))*bxc*cos(-1/2%x(b"2 - 4xaxc)/c) + (-2xIxsqrt(pi)*(erf(s
qrt (1/2)*sqrt ((4*I*c™2*x"2 + 4xI*bxc*x + I*b~2)/c)) - 1) + 2xI*xsqrt(pi)*(er
f(sqrt(1/2)*sqrt (- (4*I*c™2%x72 + 4xIxbkxcxx + I*b~2)/c)) - 1))*bxcksin(-1/2x
(b™2 - 4x*axc)/c))*x)*cos(1l/2*arctan2 (2% (4*c™2%x"2 + 4xb*c*x + b72)/c, 0)) +
((-I*sqrt(pi)*(erf(sqrt(1/2)*sqrt ((4*xI*c~2xx"2 + 4*Ixb*c*x + I*b~2)/c)) -
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1) + Ixsqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c™2*x"2 + 4xI*xb*cxx + I*b~2)/c))
- 1))*b"2%cos(-1/2*% (b2 - 4xaxc)/c) - (sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c”
2%x72 + 4xIxbxc*x + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c”
2%x72 + 4*Ixb*c*x + I*b72)/c)) - 1))*b"2*sin(-1/2%(b"2 - 4x*axc)/c) + ((-2*I
xsqrt (pi) *(erf (sqrt(1/2)*sqrt ((4*I*c™2*x"2 + 4xI*bxc*x + I*b"2)/c)) - 1) +
2xI*xsqrt (pi)*(erf (sqrt(1/2)*sqrt (- (4xI*c~2*x"2 + 4xIxb*cxx + I*b~2)/c)) - 1
))*b*xcxcos(-1/2%(b~2 - 4*axc)/c) - 2x(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*c™2
*x"2 + 4*xIxb*ckxx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c”2
*x72 + 4xIxbkckx + I*b72)/c)) - 1))*bxcxsin(-1/2%(b~2 - 4xaxc)/c))*x)*sin(1l
/2*%arctan2 (2% (4*c™2%x72 + 4¥bxcxx + b72)/c, 0)))/(c™2xsqrt((4*c™2*x"2 + 4*Db
xcxx + b~2)/abs(c)))

Fricas [A] time = 1.63334, size = 315, normalized size = 2.5

2 (2cx+b) /< (2cx+b)4/< 2
nb\/zcos (—b 4ac) C[ \/:J - nb\/ES (—\/Z] sin (—M) +2c%x2 - 2ccos (cx2 + bx + a) sin (cx2 + bx +
e 2¢c c e c 2¢c

8c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(c*x~2+b*x+a)”~2,x, algorithm="fricas")

[Out] 1/8*(pixbxsqrt(c/pi)*cos(-1/2x(b"2 - 4xa*c)/c)*fresnel_cos((2xc*x + b)*sqrt
(c/pi)/c) - pixbxsqrt(c/pi)*fresnel _sin((2*c*x + b)*sqrt(c/pi)/c)*sin(-1/2%
(b™2 - 4*axc)/c) + 2%c72xx"2 - 2kcxcos(c*x"2 + b*x + a)*sin(cxx”2 + b*x + a

))/c”2

Sympy [F] time = 0., size = 0, normalized size = 0.

fxsin2 (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(c*x**2+b*x+a)**2,x)

[Out] Integral(x*sin(a + b*x + cxx**2)**x2, x)
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time = 1.24837, size = 230, normalized size = 1.83

Giac [C]
Vb erf(—z \/2(2 x+2)(_ﬂ+l))e _ Z-e(Zi cx?+2i bx+2iu) Vb erf(—z \/E(Z x+5v)(ﬁ+1))e + ie(_Zi cx?-2i bx-2i “)
1, Ve-5+1) i)
4 16¢ 16¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(c*x~2+b*x+a)”~2,x, algorithm="giac")

[Out] 1/4*x72 - 1/16*(sqrt(pi)*b*erf (-1/2*xsqrt(c)*(2*x + b/c)*(-I*c/abs(c) + 1))x*
e~ (-1/2x(Ixb~2 - 4xIxaxc)/c)/(sqrt(c)*(-I*c/abs(c) + 1)) - I*xe”(2%I*c*xx"2 +
2xIxb*xx + 2xIxa))/c - 1/16*(sqrt(pi)*b*xerf (-1/2xsqrt(c)*(2*x + b/c)*(I*xc/a
bs(c) + 1))*xe”(-1/2%(-I*¥b~2 + 4xIxaxc)/c)/(sqrt(c)*(I*c/abs(c) + 1)) + I*xe”

(-2%I*xc*xx~2 — 2%I*xbxx - 2%xI%*a))/c
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3.18 fsinz (a + bx + cxz) dx

Optimal. Leaf size=100

v/ cos (211 - )FresnelC (f;_zf;) \/mtsin (2a - z—i) S (%) X
4vJc 4y E

[Out] x/2 - (Sqrt[Pil*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt[Pi]
)1)/(4xSqrtc]) + (Sqrt[Pi]*FresnelS[(b + 2*cx*x)/(Sqrt[c]l*Sqrt[Pi])]=*Sin[2*
a - b™2/(2xc)])/(4*xSqrtlcl)

Rubi [A] time = 0.0495308, antiderivative size = 100, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 13, L

0.308, Rules used = {3449, 3448, 3352, 3351}

v/ cos (2a - —) FresnelC (57_2\75) Vrsin (Za - z_i) 5 (%) x
] ki 7 "3

integrand size

Antiderivative was successfully verified.

[In] Int[Sin[a + b*x + c*x~2]72,x]

[Out] x/2 - (Sqrt[Pil*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*cxx)/(Sqrt[c]*Sqrt[Pi]
)1)/(4xSqrtc]) + (Sqrt[Pi]*FresnelS[(b + 2*cxx)/(Sqrt[c]l*Sqrt[Pi])]*Sin[2*
a - b~2/(2xc)])/(4*xSqrtlcl)

Rule 3449

Int[Sin[(a_.) + (b_)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTri
gReduce[Sin[a + b*x + c*x72]7n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n, 1]

Rule 3448

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Int[Cos[(b + 2xc*x)"2/(4*c)], x], x] + Dist[Sin[(b~2 - 4*ax*c)/
(4%c)], Int[Sin[(b + 2%c*x)"2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b2 - 4xaxc, 0]

Rule 3352
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Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, xl

Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[Sqrt[2/Pi]*Rt[d, 2]*(e + f*xx)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps

fsin2 (a + bx + cxz) dx = f (1 - 1 cos (211 + 2bx + 20x2)) dx
2

2
x 1
=55 fcos (Za +2bx + 2cx2) dx
x 1 b? (2b + 4cx)? 1 . b? . [ (2b + 4cx)?
=5" Ecos(Za— z—c)fCOS(T) dx + Esm(Za— TC)ISID(T) dx
oo (i) vt
T2 4+Jc ’ 44Jc

Mathematica [A] time = 0.103324, size = 97, normalized size = 0.97

—/1t cos (Za - Z—i) FresnelC (%) +4/msin (Za - l;—i) S (%) + 2+/cx
4

Antiderivative was successfully verified.

[In] Integrate[Sin[a + b*x + c*xx~2]72,x]

[Out] (2xSqrtl[cl*x - Sqrt[Pi]l*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*
Sqrt[Pi])] + Sqrt[Pil]*FresnelS[(b + 2*c*x)/(Sqrt[c]l*Sqrt[Pi])]*Sin[2*a - b~
2/(2xc)])/(4xSqrt[c])

Maple [A] time = 0.013, size = 72, normalized size = 0.7

-4 b? 2 b1 -4 b? 2 b1 1
- % (cos (L) FresnelC ( et —) + sin (L) FresnelS ( i —))

2¢ Vo e 2c Vi Vel e

NI &R
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(c*x~2+b*x+a)”2,x)

[Out] 1/2*%x-1/4%Pi~(1/2)/c”(1/2)*(cos(1/2x(-4*xa*c+b~2)/c)*FresnelC((2*c*x+b)/c~(1
/2)/Pi~(1/2))+sin(1/2% (-4*axc+b~2) /c)*FresnelS ((2*c*xx+b) /c~(1/2)/Pi~(1/2)))

Maxima [C] time = 1.88765, size = 410, normalized size = 4.1

1 1 1 1 . (1 1 . 1 1
_\/Eﬁ(((cos (Z U arctan (0, c)) + cos (_Z T+ arctan (0, c)) —isin (Z T+ arctan (0, c)) +1 sin (_Z T+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)”2,x, algorithm="maxima")

[Out] -1/32*%(sqrt(2)*sqrt(pi)*(((cos(1/4xpi + 1/2*arctan2(0, c)) + cos(-1/4*pi +
1/2*arctan2(0, c)) - I*sin(1/4*pi + 1/2*arctan2(0, c)) + Ixsin(-1/4x*pi + 1/
2xarctan2(0, c)))*cos(-1/2x(b~2 - 4x*axc)/c) - (I*cos(1/4*pi + 1/2%arctan2(0
, €)) + Ixcos(-1/4xpi + 1/2%arctan2(0, c)) + sin(1/4*pi + 1/2*arctan2(0, c)
) - sin(-1/4%pi + 1/2*arctan2(0, c)))*sin(-1/2x(b"2 - 4xax*c)/c))*erf ((2*Ix*c
xx + Ixb)/sqrt(2+I*c)) - ((cos(1/4*pi + 1/2xarctan2(0, c)) + cos(-1/4xpi +
1/2*%arctan2(0, c)) + Ixsin(1/4*pi + 1/2*arctan2(0, c)) - Ixsin(-1/4x*pi + 1/
2*¥arctan2(0, c)))*cos(-1/2%(b~2 - 4*axc)/c) + (I*cos(1/4xpi + 1/2*arctan2(0
, €)) + Ixcos(-1/4xpi + 1/2%arctan2(0, c)) - sin(1/4*pi + 1/2*arctan2(0, c)
) + sin(-1/4x%pi + 1/2%arctan2(0, c)))*sin(-1/2%x(b"2 - 4xax*c)/c))*erf ((2*Ix*c
*x + Ixb)/sqrt(-2xIxc)))*sqrt(abs(c)) - 16*x*abs(c))/abs(c)

Fricas [A] time = 1.5353, size = 238, normalized size = 2.38

2 (2cx+b)4/< (2cx+b) < 2
n\/zcos(—b 4ac)C( \/;]—n\/ES(—\/;]sin(—M)—Zcx
b1d 2c c 4 c 2¢c

4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)”2,x, algorithm="fricas")
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[Out] -1/4*(pi*sqrt(c/pi)*cos(-1/2*%(b"2 - 4*axc)/c)*fresnel cos((2*c*x + b)*sqrt(
c/pi)/c) - pixsqrt(c/pi)*fresnel_sin((2xc*x + b)*sqrt(c/pi)/c)*sin(-1/2*(b~
2 - 4xaxc)/c) - 2*cx*x)/c

time = 1.1142, size = 83, normalized size = 0.83

o VA(sinfn- E)s(ERE) +eos(e- ) GERNE

2 4

Sympy [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x**2+bxx+a)**2,x)

[Out] x/2 - sqrt(pi)*(-sin(2*a - b**2/(2xc))*fresnels((2*b + 4xcx*x)/(2*sqrt(pi)*s
qrt(c))) + cos(2xa - b**2/(2*c))*fresnelc((2*b + 4*c*x)/(2*sqrt(pi)*sqrt(c)

)))*sqrt(1/c)/4

Giac [C] time = 1.27843, size = 165, normalized size = 1.65

ib2—diac —ib2+4iac )

L VRt ( T )ﬁerf(_g(m N
2 (l_ ) 8%(H+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)”2,x, algorithm="giac")

[Out] 1/2*x + 1/8*sqrt(pi)*erf(-1/2xsqrt(c)*(2*x + b/c)*(-Ixc/abs(c) + 1))*e~(-1/
2% (I*b~2 - 4x*Ixaxc)/c)/(sqrt(c)*(-I*c/abs(c) + 1)) + 1/8xsqrt(pi)*erf(-1/2x
sqrt(c)*(2*xx + b/c)*(I*xc/abs(c) + 1))*e~(-1/2x(-Ixb~2 + 4xIxaxc)/c)/(sqrt(c

)*(I*xc/abs(c) + 1))
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dx

sin?(a+bx+cx2
319 [ oledeed

Optimal. Leaf size=32

X

cos (Za + 2bx + 2cx2)

X

log(¥)
2

, X

1
- EUnintegrable (

[Out] Logl[x]/2 - Unintegrable[Cos[2*a + 2%bxx + 2*c*x~2]/x, x]/2

Rubi [A] time = 0.0268694, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ——— =
integrand size

Rules used = {}

dx

X

f sin? (a + bx + cxz)
Verification is Not applicable to the result.
[In] Int[Sin[a + b*x + c*x~2]72/x,x]

[Out] Logl[x]/2 - Defer[Int] [Cos[2*a + 2%b*x + 2%c*x"2]/x, x]/2

Rubi steps

sin® (a +bx + cx2) 1 cos (Za + 2bx + 2cx2)
f dx = f — - dx
X 2x 2x
log(x) 1 [cos (2a + 2bx + 2cx2)
T2 2 X

dx

Mathematica [A] time = 6.99225, size = 0, normalized size = 0.

.2 2
fsm (a +xbx+cx )dx

Verification is Not applicable to the result.

[In] Integrate[Sin[a + b*x + c*x72]72/x,x]
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[Out] Integrate[Sin[a + b*x + c*x"2]72/x, x]

Maple [A] time = 0.099, size = 0, normalized size = 0.

2

dx
X

f (sin (cx2 +bx + a))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(c*x"2+b*x+a) ~2/x,x)

[Out] int(sin(c*x~2+b*x+a)” 2/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

1 cos(Zcx2+2bx+2a)
2 x

1
dx + 5 log (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)~2/x,x, algorithm="maxima")

[Out] -1/2x*integrate(cos(2%c*x™2 + 2%b*x + 2*a)/x, x) + 1/2%log(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

oS (cx2 +bx + a)z -1
X

integral [ —
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)”2/x,x, algorithm="fricas")

[Out] integral(-(cos(c*x"2 + b*x + a)”2 - 1)/x, x)
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Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f sin? (a + bx + cxz)
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x**2+bxx+a)**2/x,x%)

[Out] Integral(sin(a + b*x + cxx**2)**2/x, X)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

f sin (cx2 +bx + a)z

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)”2/x,x, algorithm="giac")

[Out] integrate(sin(c*x™2 + b*x + a)~2/x, x)
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3.20 fxz sin® (a + bx — cxz) dx

Optimal. Leaf size=248

\/msin (2{1 + - ) FresnelC (’i/_zi/;) X \/1tb? cos (211 + ) FresnelC (f/ff;f) \/tb? sin (Zu + ) S (f/_zjf) ) VTt cos

16¢3/2 1652 1652

[Out] x73/6 + (b~2xSqrt[Pi]l*Cos[2*a + b~2/(2*c)]*FresnelC[(b - 2*c*x)/(Sqrt[c]l*Sq
rt[Pi1)]1)/(16%c~(5/2)) - (Sqrt[Pi]*Cos[2*a + b~2/(2%c)]*FresnelS[(b - 2xc*x

)/ (Sqrt [c]*Sqrt[Pi])])/(16%c~(3/2)) + (Sqrt[Pi]*FresnelC[(b - 2*c*x)/(Sqrt[
c]*Sqrt [Pi])]1*Sin[2*a + b~2/(2%c)])/(16%c~(3/2)) + (b~2xSqrt[Pi]*FresnelS[(

b - 2xc*x)/(Sqrt[cl*Sqrt[Pi])]*Sin[2*a + b~2/(2%c)])/(16*c~(5/2)) + (b*Sin[

2%a + 2%bk*x - 2xc*x”2])/(16%c”2) + (x*Sin[2%a + 2%b*x - 2xc*xx~2])/(8%c)

Rubi [A] time = 0.219618, antiderivative size = 248, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 7, integrand size = 18, number of rules _

0.389, Rules used = {3467, 3464, 3447, 3351, 3352, 3462, 3448}

integrand size

\/msin (2a + = ) FresnelC (i/_z\c;) \/1b? cos (Za + = ) FresnelC (lj/f\c;) \/tb? sin (211 + ) S (lj/_zjf) ) \/Tt cos

1632 16¢5/2 16¢5/2

Antiderivative was successfully verified.

[In] Int[x"2*Sinl[a + b*x - c*x~2]72,x]

[Out] x73/6 + (b~2xSqrt[Pi]*Cos[2*a + b~2/(2*c)]*FresnelC[(b - 2x*c*x)/(Sqrt[c]l*Sq
rt[Pi])]1)/(16%c~(5/2)) - (Sqrt[Pi]*Cos[2*a + b~2/(2*c)]*FresnelS[(b - 2xc*x

)/ (Sqrt [c]*Sqrt[Pi])])/(16%c~(3/2)) + (Sqrt[Pi]*FresnelC[(b - 2*c*x)/(Sqrt[
c]*Sqrt [Pi])]1*Sin[2*a + b~2/(2%c)])/(16%c~(3/2)) + (b~2xSqrt[Pi]*FresnelS[(

b - 2xc*x)/(Sqrt[cl*Sqrt[Pi])]*Sin[2*a + b~2/(2%c)])/(16*c~(5/2)) + (b*Sin[

2%a + 2%b*x - 2xc*x”2])/(16%c”2) + (x*Sin[2%a + 2%b*x - 2xc*xx72])/(8%c)

Rule 3467

Int[((d_.) + (e_)*(x_))"(m_.)*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]17(n_),
x_Symbol] :> Int[ExpandTrigReduce[(d + exx)"m, Sin[a + b*x + c*x~2]"n, x],
x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 3464
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Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*x(x_)72]*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[(ex(d + exx)"(m - 1)*Sin[a + b*x + c*x72])/(2xc), x] + (-Dist[
(e”2%(m - 1))/ (2%c), Int[(d + exx)"(m - 2)*Sin[a + b*x + c*x"2], x], x] - D
ist[(bxe - 2%xc*xd)/(2%c), Int[(d + e*x) " (m - 1)*Cosl[a + b*x + c*x~2], x], x]
) /; FreeQl{a, b, c, d, e}, x] && NeQ[b*e - 2*c*d, 0] && GtQ[m, 1]

Rule 3447

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Int[Sin[(b + 2xc*x)"2/(4*c)], x], x] - Dist[Sin[(b~2 - 4*ax*c)/
(4%c)], Int[Cos[(b + 2%c*x)"2/(4%xc)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b2 - 4xaxc, 0]

Rule 3351

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, xI]

Rule 3352

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, xI]

Rule 3462

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[(e*Sinf[a + b*x + c*x72])/(2%c), x] + Dist[(2%c*xd - bxe)/(2%c), Int[
Cos[a + b*x + c*xx72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bx*
e, 0]

Rule 3448

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Intl[Cos[(b + 2xc*x)~2/(4*c)], x], x] + Dist[Sin[(b~2 - 4*ax*c)/
(4%c)], Int[Sin[(b + 2*xc*x)~"2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rubi steps
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2
2 i 2 _ x 1, 2
fx sin (a+bx—cx)dx—f(3—§x cos(2a+2bx—2cx )) dx

¥l 5 5
:E_E xcos(2a+2bx—2cx)dx
x3 xsin (211 + 2bx — 20x2) f sin (Za + 2bx — 2¢:x2) dx b f X COs (Za + 2bx — 2cx*
= — + — _
6 8c 8c 4c
w3 bsin (Za + 2bx — 2cx2) xsin (Za + 2bx — 2cx2) b? f oS (2a + 2bx — 2sz) dx
%" 16¢2 " 8¢ - 8¢?
b-2 . 2 ‘
B Vmeos (2“ + ) 5 (\/-\;f) VnrC ( ) sin (Za + Z) bsin (Za + 2bx — 2cx*
T 6 16¢3/2 1632 " 16¢2
2 f b—2cx b—2cx b-2cx\ .
_x_3+bﬁcos(2”+2c)c(vzﬁ) Vitcos 20+ )5(ff)+‘/_c( % )sin (2
6 1652 16372 1632

Mathematica [A] time = 0.730072, size = 175, normalized size = 0.71

—3\/_FresnelC(\/_\/_) (csin(2a+2)+bzcos(2a+ ))+3\/_S(\/_\/_) (CCOS(2(Z+ ) b? 81n(2a+bz))+\/51

48¢5/2

Antiderivative was successfully verified.

[In] Integrate[x~2xSin[a + b*x - c*x~2]72,x]

[Out] (3*%Sqrt[Pi]*FresnelS[(-b + 2%c*x)/(Sqrt[c]l*Sqrt[Pi])]*(c*Cos[2*a + b~2/(2%*c
)] - b724Sin[2*a + b72/(2%c)]) - 3*Sqrt[Pi]*FresnelC[(-b + 2*c*x)/(Sqrt[c]*

Sqrt [Pi])I*(b~2xCos[2*a + b~2/(2%c)] + cxSin[2*a + b~2/(2xc)]) + Sqrt[c]*(8
*CT2xx73 + 3% (b + 2*c*x)*Sin[2%(a + xx(b - c*x))]))/(48%c™(5/2))

Maple [A] time = 0.017, size = 199, normalized size = 0.8

3 xsin(-2cx?>+2bx+2a sin (—2cx? +2bx+2a 4 2 2cx—b 1
Al ( )—E - ( )+bﬁ(cos( Ca+b)FresnelC( i b—)+<
‘ 2 NG

8c 4c 4c 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*sin(-c*x~2+b*x+a) ~2,x)
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[Out] 1/6*x73+1/8*x*sin(-2%c*x~2+2%b*x+2%a) /c-1/4*b/cx(-1/4*sin (-2%c*xX™2+2*xb*xx+2%
a)/c+1/4%b/c”(3/2)*Pi~(1/2)*(cos (1/2* (4*a*c+b~2) /c)*FresnelC(1/Pi~(1/2)/c~(

1/2)* (2*xcxx-b) )+sin(1/2* (4d*a*xc+b~2) /c) *FresnelS(1/Pi~(1/2) /c~(1/2) * (2*xc*x-b
))))+1/16/c”(3/2)*Pi~ (1/2)*(cos (1/2* (4*a*xc+b~2) /c) *FresnelS(1/Pi~(1/2)/c~ (1
/2)*(2%c*x-b))-sin(1/2* (d*xa*xc+b~2) /c) *FresnelC(1/Pi~(1/2)/c~(1/2) *(2%c*x-b)

))

Maxima [C] time = 2.20835, size = 4238, normalized size = 17.09

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(-c*x"2+b*x+a)”2,x, algorithm="maxima")
g g

[Out] 1/192*sqrt(2)*(2*sqrt(2)*(8+c~3*x"3*abs(c) + b*xcx(3xIxe” (1/2%(4*I*c™2*x"2 -
4xT*xbxckx + I*b72)/c) - 3*xI*e” (-1/2*x(4*xI*c™2*xx"2 — 4*Ixb*c*x + I*b~2)/c))*
abs(c)*cos(1/2% (b2 + 4*axc)/c) + 3xbxckx(e”(1/2*x(4*I*c™2%x"2 - 4*xIxbkxc*x +
I*b72)/c) + e~ (=1/2%(4*xI*c™2*xx"2 — 4*I*b*c*x + I*b~2)/c))*abs(c)*sin(1/2*(b
T2 + 4xaxc)/c))*((4*xcT2xx"2 - 4xbxckx + b~2)/abs(c))~(3/2) - (6%b~3*(gamma (
3/2, 1/2%x(4xI*c™2xx"2 - 4*xIxb*c*xx + I*b~2)/c) + gamma(3/2, -1/2x(4xI*c”2*x"
2 - 4xIxbxc*x + Ixb~2)/c))*abs(c)*cos(1/2%(b~2 + 4*a*xc)/c) - b~3*(-6xI*gamm
a(3/2, 1/2x(4xI*c™2%x72 - 4xIxbkxcxx + I*b~2)/c) + 6*%Ixgamma(3/2, -1/2%(4*Ix
CT2*x72 - 4xIxbkxc*x + I*b~2)/c))*abs(c)*sin(1/2*x(b~2 + 4xaxc)/c) - (48*c™ 3%
(gamma (3/2, 1/2%(4*Ixc™2*x"2 - 4xI*xbxc*x + I*b~2)/c) + gamma(3/2, -1/2%(4x*I
*CT2%x72 - 4xIxbxcxx + I*b~2)/c))*abs(c)*cos(1/2x(b"2 + 4xaxc)/c) + c~3*%(48
xIxgamma (3/2, 1/2%x(4xI*c”2xx"2 - 4*xIxb*cxx + Ixb~2)/c) - 48xI*gamma(3/2, -1
/2% (4xI*c™2*xx"2 — 4xI*bxcxx + I*b~2)/c))*abs(c)*sin(1/2*(b"2 + 4xax*c)/c))*x
"3 + (72xbxc”2*x(gamma (3/2, 1/2*%(4%I*c™2%x"2 - 4xIxbxcxx + Ixb~2)/c) + gamma
(3/2, -1/2%(4*I*c™2*x"2 — 4xIxbxcxx + I*b~2)/c))*abs(c)*cos(1/2%(b~2 + 4*ax
c)/c) - bxc2x(-72*I*xgamma(3/2, 1/2%(4*xI*c™2*x"2 - 4xIxbkxcxx + I*b~2)/c) +
72*%Ixgamma (3/2, -1/2%(4*xI*c™2*x"2 - 4xI*b*xcxx + I*b~2)/c))*abs(c)*sin(1/2x(
b~2 + 4x*axc)/c))*x"2 - (36*%b"2*ck(gamma(3/2, 1/2x(4xI*c™2%x72 - 4*xIxbkckxx +
I*¥b~2)/c) + gamma(3/2, -1/2*%(4*I*c™2%x"2 - 4xIxbxc*x + I*b~2)/c))*abs(c)*c
0s(1/2%(b~2 + 4*axc)/c) + b7 2xc*x(36*Ixgamma(3/2, 1/2%(4*I*c™2*x"2 - 4*I*b*c
*x + Ixb72)/c) - 36xI*xgamma(3/2, -1/2%(4*xI*c”2%xx"2 - 4*Ixb*c*xx + I*b~2)/c))
*abs (c)*sin(1/2%(b~2 + 4xaxc)/c))*x)*cos(3/2xarctan2 (2% (4*xc™2*xx"2 — 4xb*c*x
+ b72)/c, 0)) + (3x(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c~2xx"2 - 4*xIxb*c*x
+ I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c™2*x"2 — 4*Ixb*cxx
+ I*¥b72)/c)) - 1))*b~B*xcos(1/2%(b~2 + 4*axc)/c) + (3*Ixsqrt(pi)*(erf(sqrt(l
/2)*sqrt ((4*Ixc~2*x"2 - 4*Ixbxc*x + I*b~2)/c)) - 1) - 3*Ikxsqrt(pi)*(erf(sqr
t(1/2)*sqrt (- (4*xI*c™2xx"2 - 4*xIxb*c*xx + I*b~2)/c)) - 1))*b~5xsin(1/2*(b"2 +
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4xaxc)/c) - (24*(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*c™2*xx"2 — 4*Ixb*cxx + I
*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2%x"2 - 4xIxbkcxx + I
*b~2)/c)) - 1))*b"2xc"3*cos(1/2% (b2 + 4xaxc)/c) - (-24*Ixsqrt(pi)*(erf(sqr
t(1/2)*sqrt ((4*I*c™2%x72 - 4xIxbkxcxx + I*b~2)/c)) - 1) + 24*Ixsqrt(pi)*(erf
(sqrt (1/2)*sqrt (- (4*I*c™2*%x"2 - 4*I*bkcxx + I*b~2)/c)) - 1))*b~2%c"3xsin(1/
2x(b72 + 4xaxc)/c))*x"3 + (36%(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c™2%x"2 -
4xIxb*xcxx + I*xb~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2xx"2 -
4xI*xbxc*xx + I*b72)/c)) - 1))*b~3*%c™2*cos(1/2x(b~2 + 4xa*xc)/c) + (36xI*sqrt(
pi)*(erf (sqrt(1/2)*sqrt ((4*Ixc™2*x~2 - 4xI*xbxc*x + I*b~2)/c)) - 1) - 36%Ixs
grt(pi)*(erf (sqrt(1/2) *sqrt (- (4*I*c~2%x"2 - 4*Ixb*xc*x + I*b~2)/c)) - 1))*b”
3xc”2%sin(1/2%(b"2 + 4*axc)/c))*x"2 - (18*%(sqrt(pi)*(erf (sqrt(1/2)*sqrt ((4x*
Ixc™2%x"2 — 4xIxb*cxx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*
I*c™2%x72 - 4xIxbxcxx + Ixb72)/c)) - 1))*b74*c*xcos(1/2%(b72 + 4*axc)/c) - (
-18xI*sqrt (pi)*(erf (sqrt(1/2) *sqrt ((4*I*c~2*xx"2 - 4*Ixb*c*x + I*b~2)/c)) -
1) + 18*Ixsqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c”2xx"2 - 4*xIxb*xc*xx + I*b~2)/c
)) = 1))*b"4xc*sin(1/2x(b~2 + 4*axc)/c))*x)*cos(1l/2*arctan2 (2% (4*xc™2xx"2 -
4xbxcxx + b72)/c, 0)) + (b7 3x(6*I*gamma(3/2, 1/2%(4*I*c™2%x72 - 4*Ixb*c*x +

I¥b~2)/c) - 6*xIxgamma(3/2, -1/2%(4*I*c™2*x"2 - 4xI*bxc*x + I*b~2)/c))*abs(
c)*cos(1/2x(b"2 + 4xaxc)/c) - 6*xb”~3*x(gamma(3/2, 1/2%(4*I*c~2*x"2 - 4xI*bkc*
x + I*xb72)/c) + gamma(3/2, -1/2x(4*I*c™2%x"2 - 4xIxbkxcxx + I*b~2)/c))*abs(c
)*sin(1/2x(b~2 + 4xaxc)/c) + (c™3*%(-48+I*xgamma(3/2, 1/2x(4*xI*c™2%x"2 - 4*Ix
bxckx + I*b~2)/c) + 48%Ixgamma(3/2, -1/2%(4*I*xc™2%x"2 - 4*I*bxc*x + I*b~2)/
c))*abs(c)*cos(1/2%(b~2 + 4*axc)/c) + 48*%c™3*(gamma(3/2, 1/2%(4*xI*c™2*x"2 -

4xI*bxc*xx + I*b~2)/c) + gamma(3/2, -1/2%(4*Ixc™2*%x"2 - 4xI*xbxc*x + I*b~2)/
c))*abs(c)*sin(1/2%(b~2 + 4*axc)/c))*x~3 + (bxc 2% (72*Ixgamma (3/2, 1/2%(4*I
*xCT2%x"2 - 4xIxbxc*x + I*b~2)/c) - 72xIxgamma(3/2, -1/2%(4*I*c™2*x"2 - 4x*Ix
bxckx + I*b~2)/c))*abs(c)*cos(1/2x(b72 + 4*axc)/c) - 72xbxc~2*(gamma(3/2, 1
/2% (4*%Ixc™2%x"2 - 4*I*xbxc*x + I*b~2)/c) + gamma(3/2, -1/2%x(4*xI*c™2*xx"2 - 4x
I*¥bxc*xx + I*b~2)/c))*abs(c)*sin(1/2%(b~2 + 4*axc)/c))*x"2 + (b™2*c*x(-36%I*g
amma (3/2, 1/2x(4xI*c™2%x"2 - 4xIxbkxcxx + I*b~2)/c) + 36+I*xgamma(3/2, -1/2%(
4xIxc™2%x"2 - 4xIxbkckx + I*b~2)/c))*abs(c)*cos(1/2%(b~2 + 4*axc)/c) + 36%b
“2%ckx(gamma (3/2, 1/2x(4xI*c™2%x"2 - 4*xIxb*cxx + I*b~2)/c) + gamma(3/2, -1/2
* (4xIxc™2%x72 - 4*xI*bxcxx + I*b72)/c))*abs(c)*sin(1/2%x(b72 + 4*axc)/c))*x)*
sin(3/2*xarctan2(2x (4xc™2*x"2 - 4xb*xcxx + b~2)/c, 0)) + ((-3*xI*sqrt(pi)*(erf

(sqrt(1/2)*sqrt ((4*Ixc™2*%x"2 - 4xI*xbxc*x + I*b~2)/c)) - 1) + 3xI*xsqrt(pi)*(
erf (sqrt(1/2)*sqrt (- (4*I*c™2*x"2 - 4xIxbkxcxx + I*b~2)/c)) - 1))*b~5*cos(1/2
*x(b72 + 4xaxc)/c) + 3*x(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*xc”2%xx"2 - 4*Ixb*cx
x + I¥b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c™2*x"2 - 4xI*xb*cx*
x + I*xb72)/c)) - 1))*b"5xsin(1/2%(b"2 + 4xax*xc)/c) + ((24*Ixsqrt(pi)=*(erf(sq
rt(1/2) *sqrt ((4*Ixc™2%x"2 - 4*Ixb*c*x + I*b~2)/c)) - 1) - 24xI*xsqrt(pi)*(er
f(sqrt(1/2)*sqrt (- (4*I*c™2%x"2 - 4xIxbkxcxx + I*¥b~2)/c)) - 1))*b~2*c"3*cos(1
/2%(b"2 + 4xaxc)/c) - 24*x(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xIxc”2*x"2 - 4*I*b
xcxx + I*¥b72)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c~2*x"2 - 4xI*b
xcxx + I*b72)/c)) - 1))*b~2xc”3*sin(1/2%(b"2 + 4*axc)/c))*x"3 + ((-36%xI*sqr
t(pi)*(erf (sqrt(1/2) *sqrt ((4*xI*c~2xx"2 - 4*xIxb*cxx + I*b~2)/c)) - 1) + 36%I
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*xsqrt (pi) *(erf (sqrt (1/2) *sqrt (- (4*I*c™2*x"2 - 4xI*bxc*x + I*b~2)/c)) - 1))*
b~3%c"2%cos(1/2%x(b"2 + 4xax*xc)/c) + 36%(sqrt(pi)*(erf(sqrt(1/2)*sqrt ((4*I*xc™
2%x72 - 4xIxbxc*x + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c”
2%x72 - 4*Ixb*c*x + I*b72)/c)) - 1))*b " 3%c™2*sin(1/2%(b"2 + 4xaxc)/c))*x"2

+ ((18%Ixsqrt(pi)*(erf (sqrt(1/2)*sqrt ((4*xIxc™2*x"2 - 4*xIxb*cxx + I*b~2)/c))
- 1) - 18*Ixsqrt(pi)*(erf(sqrt(1/2)*sqrt (- (4*xI*c™2%xx"2 - 4*Ixb*c*xx + I*b~2
)/c)) = 1))*b 4xc*xcos(1/2+(b~2 + 4*axc)/c) - 18*(sqrt(pi)*(erf(sqrt(1/2)*sq
rt ((4*I*xc™2%x"2 - 4*Ixb*c*x + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqr
t (- (4%Ixc™2%x"2 — 4*xIxbkxckx + I*b72)/c)) - 1))*b74xcxsin(1/2x(b~2 + 4*axc)/
c))*x)*sin(1/2%arctan2 (2% (4*c~2xx~2 — 4xbxc*x + b~2)/c, 0)))/(c~3*((4*c™2%x
"2 - 4xbxcxx + b~2)/abs(c))~(3/2)*abs(c))

Fricas [A] time = 1.49675, size = 435, normalized size = 1.75

> 2
833 -6 (2 2x + bc) COS (sz —bx— a) sin (cx2 - bx - a) -3 (nbz CoS (b +4ac) + mcsin (—b +4ac)) <C
2¢ 2c

48 c3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(-c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] 1/48%(8%c”3%x"3 - 6%(2%c”2%x + b*c)*cos(c*x™2 - b*x - a)*sin(c*x"2 - b*x -

a) - 3*(pixb~2*cos(1/2%(b"2 + 4*axc)/c) + pikcxsin(1/2*%(b”2 + 4*axc)/c))*sq
rt(c/pi)*fresnel_cos((2*c*x - b)*sqrt(c/pi)/c) - 3*(pi*b~2%sin(1/2*(b°2 + 4
xaxc)/c) - pixc*cos(1/2x(b~2 + 4xaxc)/c))*sqrt(c/pi)*fresnel_sin((2*%c*x - b
)*sqrt(c/pi)/c))/c”3

Sympy [F] time = 0., size = 0, normalized size = 0.

fxz sin® (u +bx — cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*sin(-c*x**2+b*x+a)**2,x)

[Out] Integral(x**2*sin(a + b*x — cxx**2)*x2, x)
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Giac [C] time = 1.28688, size = 292, normalized size = 1.18

(C(_Zix + 9) ~2i b)e(Zi c-aita-aia) _ ViP5 \E(Zx._g)(_ﬁﬂ))l i (C(Zix - f) +2i b)e(—Zi ex2+2i
c \/E(—%H) c

6" 32 c?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(-c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/6%x73 - 1/32x((cx(-2xIxx + Ixb/c) - 2%I*b)*e” (2*I*c*x"2 - 2*I*b*x - 2%Ixa
) - sqrt(pi)*(b~2 + Ixc)*erf(-1/2*xsqrt(c)*(2*x - b/c)*(-I*c/abs(c) + 1))*e”
(-1/2%(I*b~2 + 4xI*axc)/c)/(sqrt(c)*(-Ixc/abs(c) + 1)))/c”2 - 1/32x((c*x(2*I

xx — Ixb/c) + 2xIxb)*e” (-2xI*c*xx"2 + 2%Ixb*xx + 2*%I*a) - sqrt(pi)*(b~2 - Ixc

)*xerf (-1/2*xsqrt(c) *(2*x - b/c)*(I*xc/abs(c) + 1))*e”(-1/2x(-I*b~2 - 4xI*axc)
/c)/(sqrt(c)*(I*c/abs(c) + 1)))/c2
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3.21 fxsin2 (a + bx — cxz) dx

Optimal. Leaf size=126

2 b-2cx . b? b—2cx
\/1tb cos (2a + Z) FresnelC (\/E\/E) \mbsin (211 + Z) S (W) <in (2,1 4 by — 2cx2) 2
+ + + =
8c3/2 8c3/2 8¢ 4

[Out] x72/4 + (b*Sqrt[Pi]*Cos[2*a + b~2/(2xc)]*FresnelC[(b - 2xc*x)/(Sqrt[c]*Sqrt
[(Pi]1)]1)/(8xc~(3/2)) + (b*Sqrt[Pi]l*FresnelS[(b - 2xc*x)/(Sqrt[c]l*Sqrt[Pi])]x*
Sin[2xa + b72/(2%c)])/(8%c~(3/2)) + Sin[2*a + 2*b*x - 2xc*x~2]/(8*c)

Rubi [A] time = 0.0663787, antiderivative size = 126, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 16, > % _

integrand size
0.312, Rules used = {3467, 3462, 3448, 3352, 3351}

b2 b-2 . b2 b-2
\/mtb cos (Za + Z) FresnelC (ﬁ\c;;) \/mbsin (Za + Z) S (\/E_j;) sin (Za + 2bx — 2cx2) 2
8¢3/2 " 8¢3/2 " 8¢ Ty

Antiderivative was successfully verified.

[In] Int[x*Sin[a + b*x - c*x~2]72,x]

[Out] x72/4 + (b*Sqrt[Pi]*Cos[2*a + b~2/(2%c)]*FresnelC[(b - 2*c*x)/(Sqrt[c]*Sqrt
[Pi]1)]1)/(8%c~(3/2)) + (b*Sqrt[Pi]*FresnelS[(b - 2x*c*x)/(Sqrt[cl*Sqrt[Pi])]*
Sin[2xa + b72/(2%c)])/(8%c~(3/2)) + Sin[2%a + 2*b*x - 2xc*x~2]/(8*c)

Rule 3467

Int[((d_.) + (e_)*(x_)) " (m_.)*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]17(n_),
x_Symbol] :> Int[ExpandTrigReducel[(d + e*x)"m, Sin[a + b*x + c*x~2]"°n, x],
x] /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[n, 1]

Rule 3462

Int[Cosl[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[(exSin[a + b*x + c*x72])/(2*c), x] + Dist[(2*cxd - bxe)/(2*c), Int[
Cos[a + b*x + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*cxd - bx*
e, 0]

Rule 3448
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Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Int[Cos[(b + 2%c*x)~2/(4*xc)], x], x] + Dist[Sin[(b~2 - 4x*xaxc)/
(4xc)], Int[Sin[(b + 2xc*xx)~2/(4xc)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3352
Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, x]
Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQl{d, e, f}, x]

Rubi steps

fxsin2 (u +bx - cxz) dx = f (;—C — %x cos (Za + 2bx — 2cx2)) dx

¥ 1 )
=1 Efxcos(2a+2bx—20x ) dx

2 sin (Za + 2bx — 2cx2) b f oS (Za + 2bx — 2cx2) dx
T4 - 8c - 4c

g (2b—4cx)? . i
x2 sin (2a +2bx — 2cx2) (b cos (25! + Z)) [ cos (Tcx) dx (b sin (Za + Z)) |

= — +
4 8¢ 4c

4

b2 b—2cx b-2cx\ . b2 .
2 b/ cos (2a + z_c) C (\/E\/E) . b\/rS (W) sin (211 + z—c) . =i (2a +2bx — ZCxZ)

4 * 8c3/2 8c3/2

Mathematica [A] time = 0.291463, size = 122, normalized size = 0.97

\/1t(=b) cos (Za + i—i) FresnelC (zcx_b) — /b sin (Za + Z—i) S (Zcx_b) ++/c (sin(Z(a +x(b - cx))) + 2cx2)

Ve Veym

8C3/2
Antiderivative was successfully verified.

[In] Integrate[x*Sin[a + b*x - c*x72]72,x]

[Out] (-(b*Sqrt[Pil*Cos[2xa + b~2/(2*c)]*FresnelC[(-b + 2xc*x)/(Sqrt[c]l*Sqrt[Pi])

1) - b*Sqrt[Pi]*FresnelS[(-b + 2xc*x)/(Sqrtlcl*Sqrt[Pi])]*Sin[2*a + b~2/(2%

8c
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c)] + Sqrtlc]*(2*c*x™2 + Sin[2*(a + x*x(b - c*x))]))/(8%c~(3/2))

Maple [A] time = 0.014, size = 99, normalized size = 0.8

2 sin(-2cx?+2bx+2a) p 4 b2 2cx—b 1 4 b2 2ex—-b 1
X ( )— ﬁ(cos( ca )FresnelC( il —)+sin( cat )FresnelS( i

T 8¢ 8 2¢ NN 2¢ N

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*sin(-c*x~2+b*x+a)”~2,x)

[Out] 1/4*x72+1/8*sin(-2*c*x”2+2xb*x+2*a)/c-1/8%b/c~(3/2)*Pi~(1/2)*(cos(1/2* (4xax
c+b”2)/c)*FresnelC(1/Pi~(1/2)/c” (1/2) *(2xc*x-b) )+sin(1/2*(4d*xa*xc+b”2)/c) *Fre
snelS(1/Pi~(1/2)/c~(1/2)*(2*c*xx-b)))

Maxima [C] time = 1.95154, size = 1372, normalized size = 10.89

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(-c*x"2+b*x+a) ~2,x, algorithm="maxima")
g g

[Out] 1/32%sqrt(2)*(sqrt(2)*(4*xc™2%xx"2 + c*(I*e” (1/2%(4*I*c™2*%x"2 - 4xI*bxc*x + I
*b72)/c) - Ixe” (-1/2%(4*I*c™2%x"2 - 4xIxbxcxx + I*b~2)/c))*cos(1/2%(b"2 + 4
xaxc)/c) + cx(e”(1/2x(4*I*c™2%x72 - 4xIxbxcxx + Ixb~2)/c) + e~ (-1/2x(4*Ix*c”
2*xx72 — 4xIxbkcxx + I*b~2)/c))*sin(1/2%(b~2 + 4xa*xc)/c))*sqrt((4*c™2*xx"2 -
4xb*xcxx + b~2)/abs(c)) + ((sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*c™2%xx"2 — 4*Ix
bxc*kx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*xc™2xx"2 - 4*Ix
bxc*x + I*b~2)/c)) - 1))*b"2xcos(1/2*%(b~2 + 4xaxc)/c) + (Ixsqrt(pi)*(erf(sq
rt(1/2) *sqrt ((4*Ixc™2*x"2 - 4*Ixbxc*x + I*b~2)/c)) - 1) - Ixsqrt(pi)*(erf(s
qrt (1/2) *sqrt (- (4*xI*c™2*x"2 - 4xIxb*cxx + I*b~2)/c)) - 1))*b"2xsin(1/2*(b"2
+ 4xaxc)/c) - (2% (sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c™2*x"2 — 4xI*bkc*x +
I#b"2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xIxc™2*x"2 - 4*I*xb*xc*x +
I¥b"2)/c)) - 1))*b*xckxcos(1/2%(b~2 + 4*axc)/c) - (-2*I*xsqrt(pi)*(erf(sqrt(1/
2) *sqrt ((4xI*c™2%x72 - 4*xIxb*cxx + Ixb~2)/c)) - 1) + 2*xIxsqrt(pi)*(erf(sqrt
(1/2) *sqrt (- (4%Ixc™2*%x"2 — 4*Ixb*c*x + I*b~2)/c)) - 1))*b*cxsin(1/2*%(b"2 +
4xaxc)/c))*x)*cos(1/2xarctan2(2x(4*c~2*xx"2 - 4*bxc*x + b"2)/c, 0)) + ((-Ixs
qrt(pi)*(erf (sqrt(1/2) *sqrt ((4*xI*c™2%x"2 - 4xIxb*cxx + I*b~2)/c)) - 1) + Ix
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sqrt (pi) *(erf (sqrt(1/2) *sqrt (- (4*xI*c~2*x"2 - 4xI*xb*xcxx + I*b~2)/c)) - 1))*b
~2%cos(1/2x(b72 + 4xaxc)/c) + (sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c™2%x"2 -

4xI*xbxc*xx + I*b72)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2*x"2 -

4xI*bxc*xx + I*¥b72)/c)) - 1))*b"2xsin(1/2%(b~2 + 4*axc)/c) + ((2*I*xsqrt(pi)x*
(erf (sqrt(1/2)*sqrt ((4*I*c™2*x"2 - 4xIxbkxcxx + I*¥b~2)/c)) - 1) - 2xIxsqrt(p
i)*(erf (sqrt(1/2) *sqrt (- (4*xI*c™2*x"2 - 4xI*xbxc*xx + I*b~2)/c)) - 1))*b*c*cos
(1/2%(b"2 + 4xaxc)/c) - 2x(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*Ixc™2%x"2 - 4*Ix
bxc*xx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2%xx"2 - 4*Ix
bxc*kx + I*b~2)/c)) - 1))*b*xcxsin(1/2*%(b~2 + 4xaxc)/c))*x)*sin(1/2*arctan2(2
*x (4xc™2%xx"2 - 4xbxcxx + b72)/c, 0)))/(c”2*sqrt ((4xc™2*x"2 - 4*b*xcxx + b~2)/
abs(c)))

Fricas [A] time = 1.4373, size = 313, normalized size = 2.48

2 Qcx-b),/= Qcx-b),/= 2
nb\/gcos (b ;iac) C[ - \/:J + nb\/gs [4] sin (M) —-2c%x% +2ccos (cx2 - bx - a) sin (cx2 — bx -

2c

8 c?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(-c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] -1/8*(pi*b*sqrt(c/pi)*cos(1/2x(b"2 + 4xa*c)/c)*fresnel_cos((2xcxx - b)*sqrt
(c/pi)/c) + pixbxsqrt(c/pi)*fresnel sin((2*c*x - b)*sqrt(c/pi)/c)*sin(1/2x*(
b™2 + 4*axc)/c) - 2%cT2xx"2 + 2%kcxcos(c*x”2 - b*x - a)*sin(cxx”2 - b*x - a)

)/c72

Sympy [F] time = 0., size = 0, normalized size = 0.

fxsin2 (a + bx — cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(-c*x**2+b*x+a)**2,x)

[Out] Integral(x*sin(a + b*x — cxx**2)**2, x)
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time = 1.40317, size = 232, normalized size = 1.84

Giac [C]
L by(_ic ki%§ﬂ) 1 b)(ic tjéfﬂﬂ
M erf(_z \/2(2 x_z)(_m+1))e 4+ j pl2icx*~2ibx-2ia) Vb erf(_i ‘/E(Z X_E.)(H”))e _ j o2ic+2ibrs2ia)
1,, Vi-+) . Vi(j+)
4 16¢ l6¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(-c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/4*x72 + 1/16%(sqrt(pi)*b*erf(-1/2*xsqrt(c)*(2*x - b/c)*(-I*c/abs(c) + 1))x*
e~ (-1/2x(Ixb~2 + 4xIxaxc)/c)/(sqrt(c)*(-I*c/abs(c) + 1)) + I*xe” (2*I*c*x"2 -
2xIxb*xx - 2xIxa))/c + 1/16*(sqrt(pi)*b*xerf (-1/2*xsqrt(c)*(2*x - b/c)*(I*xc/a
bs(c) + 1))*xe”(-1/2%(-I*b~2 - 4xIxaxc)/c)/(sqrt(c)*(I*c/abs(c) + 1)) - I*xe”

(-2%I*xc*xx~2 + 2%I*xbxx + 2%xI%*a))/c
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3.22 fsinz (a + bx — cxz) dx

Optimal. Leaf size=100

\mcos(2a + — | FresnelC b2 \/sin (2a + P)g (2
o) ol 203

[Out] x/2 + (Sqrt[Pi]*Cos[2*a + b~2/(2*c)]*FresnelC[(b - 2*c*x)/(Sqrt[c]*Sqrt[Pi]
)1)/(4xSqrtc]) + (Sqrt[Pi]*FresnelS[(b - 2*cxx)/(Sqrt[c]l*Sqrt[Pi])]=*Sin[2*
a + b™2/(2xc)])/(4*Sqrtlcl)

Rubi [A] time = 0.0478904, antiderivative size = 100, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 14, LT

0.286, Rules used = {3449, 3448, 3352, 3351}

\/m cos (2a + )FresnelC (lj/_zf;) Vrsin (2” +5 ) 5 (f/’zjf)
44/c 4ye i

integrand size

Antiderivative was successfully verified.

[In] Int[Sin[a + b*x - c*x~2]72,x]

[Out] x/2 + (Sqrt[Pil*Cos[2*a + b~2/(2*c)]*FresnelC[(b - 2*cxx)/(Sqrt[c]*Sqrt[Pi]
)1)/(4xSqrtc]) + (Sqrt[Pi]*FresnelS[(b - 2*cxx)/(Sqrt[c]l*Sqrt[Pi])]*Sin[2%
a + b"2/(2xc)])/(4xSqrtlcl)

Rule 3449

Int[Sin[(a_.) + (b_)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTri
gReduce[Sin[a + b*x + c*x72]7°n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n, 1]

Rule 3448

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Int[Cos[(b + 2xc*x)"2/(4*c)], x], x] + Dist[Sin[(b~2 - 4*ax*c)/
(4%c)], Int[Sin[(b + 2%c*x)"2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b2 - 4xaxc, 0]

Rule 3352
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Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, xl

Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps

fsin2 (a + bx — cxz) dx = f (1 - 1Cos (2a + 2bx — 2cx2)) dx
2 2

x 1
_ 2
= E—Efcos(2a+2bx—2cx ) dx
X L o B f @4\ o (o O f &40
=5 2cos a % cos » X 2s oy S » X
»? b-2 b-2 . »?
L Vmcos (2a+ )C(\/_\;f) \/ES(\/E\;;) sm(2a+z)
2 44Jc 4/c

Mathematica [A] time = 0.109744, size = 102, normalized size = 1.02

—/1t cos (Za + )FresnelC (f/f\;i) \/tsin (Za + Z ) (ZCx b) + 2+/cx
4y

Antiderivative was successfully verified.

[In] Integrate[Sin[a + b*x - c*xx~2]72,x]

[Out] (2xSqrt[cl*x - Sqrt[Pi]*Cos[2*a + b~2/(2*c)]*FresnelC[(-b + 2xc*x)/(Sqrt[c]
xSqrt [Pi])] - Sqrt[Pi]*FresnelS[(-b + 2x*c*x)/(Sqrt[c]l*Sqrt[Pi])]*Sin[2*a +
b~2/(2%c) 1)/ (4*Sqrt [c])

Maple [A] time = 0.015, size = 76, normalized size = 0.8

4 b? 2cx—-b 1 4 b? 2 b1
- ﬂ (cos ( cat ) FresnelC (L—) + sin (ﬁ) FresnelS ( @ —))
4 2¢ \/E \/E 2¢ \/— \/_

N =

\e
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(-c*x"2+b*x+a)”2,x)

[Out] 1/2%x-1/4%xPi~(1/2)/c”(1/2)*(cos(1/2*x(4xa*xc+b~2)/c)*FresnelC(1/Pi~(1/2)/c~ (1
/2)*(2%c*x-b))+sin(1/2*(4*a*c+b~2) /c)*FresnelS(1/Pi~(1/2)/c~(1/2) *(2*c*x-b)
))

Maxima [C] time = 2.07347, size = 410, normalized size = 4.1

\/5\/5(((005 (i T+ % arctan (0, c)) + Ccos (—i T+ % arctan (0, c)) —isin (i T+ % arctan (0, c)) +1 sin (—i ™+ %

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x~2+bxx+a)~2,x, algorithm="maxima"

[Out] -1/32%(sqrt(2)*sqrt(pi)*(((cos(1/4*pi + 1/2%arctan2(0, c)) + cos(-1/4*pi +
1/2xarctan2(0, c)) - I*sin(1/4*pi + 1/2*arctan2(0, c)) + Ixsin(-1/4*pi + 1/
2xarctan2(0, c)))*cos(1/2*%(b~2 + 4*axc)/c) + (I*xcos(l/4*pi + 1/2*arctan2(0,
c)) + Ixcos(-1/4xpi + 1/2%arctan2(0, c)) + sin(1/4*pi + 1/2*xarctan2(0, c))
- sin(-1/4xpi + 1/2%arctan2(0, c)))*sin(1/2x(b~2 + 4xax*xc)/c))*erf ((2*xI*xc*x
- Ixb)/sqrt(2xIxc)) - ((cos(1/4*pi + 1/2*arctan2(0, c)) + cos(-1/4xpi + 1/
2xarctan2(0, c)) + Ixsin(1/4*pi + 1/2*%arctan2(0, c)) - Ixsin(-1/4x*pi + 1/2%
arctan2(0, c)))*cos(1/2x(b~2 + 4x*axc)/c) - (I*cos(1/4*xpi + 1/2%arctan2(0, c
)) + Ixcos(-1/4%pi + 1/2*arctan2(0, c)) - sin(1/4*pi + 1/2xarctan2(0, c)) +
sin(-1/4*pi + 1/2*%arctan2(0, c)))*sin(1/2*(b~2 + 4*axc)/c))xerf ((2xI*c*x -
I*b) /sqrt (-2*xIxc)))*sqrt(abs(c)) - 16*x*abs(c))/abs(c)

Fricas [A] time = 1.536, size = 235, normalized size = 2.35

2 (2cx-b),[< (2cx-b){/< 2
n\/zcos(b +4”C)C[ \/Z)+n\/ES[—\/:]sin(w)—2cx
e 2¢c c e c 2¢

4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x~2+bx*x+a)”2,x, algorithm="fricas")
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[Out] -1/4x*(pix*sqrt(c/pi)*cos(1/2*(b~2 + 4*axc)/c)xfresnel cos((2*c*x - b)*sqrt(c
/pi)/c) + pi*sqrt(c/pi)*fresnel_sin((2*c*x - b)*sqrt(c/pi)/c)*sin(1/2x(b~2

+ 4xaxc)/c) - 2*cxx)/c

time = 1.14479, size = 88, normalized size = 0.88

x \/E\/g (— sin (211 + z—i)S (zil;%f/c_ic) + cos (Za + g)c (22\1/;;;%))
2 4

Sympy [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*xx**2+b*xx+a)**2,x)

[Out] x/2 - sqrt(pi)*sqrt(-1/c)*(-sin(2*a + b**2/(2*c))*fresnels((2xb - 4*c*x)/(2
*sqrt (pi)*sqrt(-c))) + cos(2*a + b*x2/(2%c))*fresnelc((2*b - 4*c*x)/(2*sqrt

(pi)*sqrt(-c))))/4

Giac [C] time = 1.34575, size = 167, normalized size = 1.67

ib2+4iac

1 ﬁerf(—% \/E(Zx— g)(—% + 1))3(_ i) ) \/Eerf(—% \/E(Zx— é)(% +1))e(_

2 8\/5(—% +1) 8\/5(% +1)

—ib2-diac
2c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/2*x + 1/8*sqrt(pi)*erf(-1/2xsqrt(c)*(2*x - b/c)*(-Ixc/abs(c) + 1))*e~(-1/
2% (I*b~2 + 4*Ixaxc)/c)/(sqrt(c)*(-I*c/abs(c) + 1)) + 1/8xsqrt(pi)*erf(-1/2x
sqrt(c)*(2xx - b/c)*(Ixc/abs(c) + 1))*e~(-1/2*%(-I*b~2 - 4*Ixaxc)/c)/(sqrt(c

)*(I*xc/abs(c) + 1))
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f sin? (a+bx—cx2) dx

X

3.23

Optimal. Leaf size=32
cos (211 + 2bx — 2sz)

X

log(x)
2

, X

1
- EUnintegrable [

[Out] Loglx]/2 - Unintegrable[Cos[2*a + 2%bxx - 2*c*x~2]/x, x]/2

Rubi [A] time = 0.0282692, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————— =
integrand size

Rules used = {}

dx

X

f sin? (a + bx — cxz)
Verification is Not applicable to the result.
[In] Int[Sin[a + b*x - c*x~2]72/x,x]

[Out] Logl[x]/2 - Defer[Int] [Cos[2*a + 2%b*x - 2%c*x"2]/x, x]/2

Rubi steps

sin® (a + bx — cx2) 1 cos (Za + 2bx — 2cx2)
f dx = f — - dx
X 2x 2x
log(x) 1 [ cos (2a + 2bx - 2sz)
T2 2 X

dx

Mathematica [A] time = 7.29916, size = 0, normalized size = 0.

.2 )
fsm (a +xbx cx )dx

Verification is Not applicable to the result.

[In] Integrate[Sin[a + b*x - c*x72]72/x,x]



[Out] Integrate[Sin[a + b*x - c*x~2]72/x, x]
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Maple [A] time = 0.097, size = 0, normalized size = 0.

dx

f (sin (—cx2 +bx + a))z

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(-c*x"2+b*x+a)”~2/x,x)

[Out] int(sin(-c*x"2+b*x+a) 2/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

1 cos(2cx2—2bx—2a)
2 x

1
dx + > log (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x~2+bxx+a) 2/x,x, algorithm="maxima"

[Out] -1/2*integrate(cos(2%c*x™2 - 2%b*x - 2*%a)/x, x) + 1/2%log(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

oS (cx2 —bx - a)z -1

X

, X

integral | -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x~2+bx*x+a) 2/x,x, algorithm="fricas")

[Out] integral(-(cos(c*x”2 - b*x - a)”2 - 1)/x, x)
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Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f sin® (a + bx — cxz)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x**2+b*x+a)**2/x,x)

[Out] Integral(sin(a + b*x — cxx**2)**2/x, X)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

f sin (—cx2 +bx + a)z

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(-c*x~2+bx*x+a) 2/x,x, algorithm="giac")

[Out] integrate(sin(-c*x”2 + b*x + a)~2/x, x)
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. 1
324  [x?sin® (Z +x+ x2) dx
Optimal. Leaf size=85

1 2x +1 2x +1 3
—E\/EFresnelC (x_) + ad ) a

N B A

[Out] x73/6 - (Sqrt[Pi]*FresnelC[(1 + 2*x)/Sqrt[Pi]])/16 + (Sqrt[Pi]*FresnelS[(1
+ 2%x)/Sqrt[Pil]) /16 + Sin[1/2 + 2*%x + 2xx72]/16 - (x*Sin[1/2 + 2*x + 2*x~2
1)/8

1
16

ﬁs(

! s 2x2 4+ 2 +1 +1 in|2x2 +2 +1
8x Sin X X 2 16 Sin X X 2

Rubi [A] time = 0.0619234, antiderivative size = 85, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 15, e o e

0.467, Rules used = {3467, 3464, 3445, 3351, 3462, 3446, 3352}

s

integrand size

2x+1) X

+ Ly 2x2 +2 +1 +1 in [2x% +2 +1
— — —XSIn|zXx X+ = — SIn | 2X X+ =
Vr 8 2] 16 2

1 2x +1 1
—1—6\/EFresnelC( a )

v )16

6

Antiderivative was successfully verified.

[In] Int[x"2*Sin[1/4 + x + x~2]72,x]

[Out] x73/6 - (Sqrt[Pil*FresnelC[(1 + 2x*x)/Sqrt[Pil])/16 + (Sqrt[Pi]*FresnelS[(1
+ 2xx)/Sqrt[Pi]])/16 + Sin[1/2 + 2*x + 2xx72]/16 - (x*Sin[1/2 + 2*x + 2%x72
1)/8

Rule 3467

Int[((d_.) + (e_)*(x_)) " (m_.)*Sin[(a_.) + (b_.)*(x_) + (c_)*(x_)"2]"(n_),
x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sin[a + b*x + c*x72]"n, x],
x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 3464

Int[Cos[(a_.) + (b_)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[(e*x(d + exx)"(m - 1)*Sin[a + bxx + c*xx72])/(2%c), x] + (-Distl[
(e”2%(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Sin[a + b*x + c*x"2], x], x] - D
ist[(bxe - 2xc*xd)/(2%c), Int[(d + e*x)"(m - 1)*Cosl[a + b*x + c*x~2], x], x]
) /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2%cxd, 0] && GtQ[m, 1]

Rule 3445
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Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Sin[(b + 2xc*x
)72/ (4xc)], x] /; FreeQl{a, b, c}, x] && EqQ[b™2 - 4xaxc, 0]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + fxx)1)/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3462

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[(e*Sin[a + b*x + c*x72])/(2*c), x] + Dist[(2xcxd - bxe)/(2*c), Int[
Cosla + b*x + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bx
e, 0]

Rule 3446

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Cos[(b + 2xc*x
)"2/(4xc)], x] /; FreeQl[{a, b, c}, x] && EqQ[b~2 - 4xaxc, 0]

Rule 3352

Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps

1 2 1 1
fxzsinz(zL +x+x2) dx:f(%—zxzcos(§+2x+2x2)) dx

»¥o1 1
=<3 xzcos(§+2x+2x2)dx
»x o1

= i 1+2+22+1f' 1+2+22d+1f 1+2+22d
=— ——-xsin|= = m|= = = .
XS > X X 3 S 5 X X X 1 XCOS2 X X

6 8

A3

1 . (1 5 1 . (1 ) 1 1 ) 1
= —+ —sin|=—+2x+2x°| — =xsin| = + 2x + 2x ——fcos — +2x +2x°| dx + =
2 8 2 8 2 8

("

— +2x +

6 16

31 1+2 1 1 1 1 1 1
:x—+—\/%5 T) 4 = sin(z + 2v+ 202) - Zxsin (= + 2x + 242 ——fcos —(

6 16 ﬁ 16 2 8 2 8 8

¥l 1+2x 1 1+2x 1 1 1 1
=— - —+nC —/7S —sin|= +2x 4+ 2x% | — =xsi

SRR ( = )+16\/a ( = )+16sm(2+ + x) stm(

2
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Mathematica [A] time = 0.144895, size = 77, normalized size = 0.91

2x+1

VE

) + 8x3 — 6x sin (%(Zx + 1)2) +3sin (%(Zx + 1)2))

1 2x +1
5 (—3\/§Fresne1C( V= ) + 3\/55(

Antiderivative was successfully verified.

[In] Integrate[x™2*Sin[1/4 + x + x72]72,x]

[Out] (8%x~3 - 3%Sqrt[Pi]*FresnelC[(1 + 2*x)/Sqrt[Pi]] + 3*Sqrt[Pi]*FresnelS[(1 +
2xx) /Sqrt [Pi]] + 3*Sin[(1 + 2%x)72/2] - 6*xxSin[(1 + 2*x)~2/2])/48

Maple [A] time = 0.017, size = 64, normalized size = 0.8

3 1 1 1 1+2 1+2
% + — Sin(— +2x+ 2x2) - ;—Csin(i +2x +2x2) - ﬁFresnelC( x) + ﬂFresnelS( x)

16 \2 16 yr ) 16 N

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*sin(1/4+x+x"2)"2,x%)

[Out] 1/6*x73+1/16%sin(1/2+2*x+2%x"2)-1/8*x*sin(1/2+2*x+2*xx"2)-1/16*FresnelC((1+2
*xx) /P17 (1/2))*Pi~(1/2)+1/16%FresnelS ((1+2*x)/Pi~(1/2))*Pi~(1/2)

Maxima [C] time = 2.32955, size = 231, normalized size = 2.72

) . l 2 o _l‘
8192 x* + 4096 13 —x(3072ie(2” 2reii) g 2 21)) —VBx2+8x+ 2(— (192 —192) \/Eﬁ(erf(,/zixz 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(1/4+x+x72)72,x, algorithm="maxima")

[Out] 1/24576%(8192*x"4 + 4096%x~3 - x*(3072xIxe” (2xI*x"2 + 2xIxx + 1/2*%I) - 3072
xI*xe” (—2%I*x"2 - 2*%I*xx - 1/2%I)) - sqrt(8*x”~2 + 8xx + 2)*(-(192*I - 192)*sq
rt(2)*sqrt (pi) *(erf (sqrt (2*%I*x~2 + 2*I*x + 1/2%I)) - 1) + (192%I + 192)*sqr
t(2)*sqrt(pi)*(erf (sqrt (-2*%I*xx"2 - 2*Ixx - 1/2*%I)) - 1) + (384*I + 384)*sqr
t(2)*gamma (3/2, 2*I*x~2 + 2%I*xx + 1/2%I) - (384*I - 384)*sqrt(2)*gamma(3/2,
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-2%I*x"2 - 2%I*x - 1/2%I)) - 1536%I*xe” (2*xI*x"2 + 2%xI*xx + 1/2%I) + 1536%Ix*e
“(-2%Ixx"2 - 2xIxx - 1/2%1))/(2*xx + 1)

Fricas [A] time = 1.65278, size = 215, normalized size = 2.53

1 1 1 1 1 2x+1 1
6x3—§(2x—1)cos(x2+x+Z)sin(x2+x+Z)—R\/%C( J\C/E )+E\/%S(

Verification of antiderivative is not currently implemented for this CAS.

2x+1)

N

[In] integrate(x~2*sin(1/4+x+x~2)72,x, algorithm="fricas")

[Out] 1/6*x7"3 - 1/8%(2%x - 1)*cos(x”2 + x + 1/4)*sin(x"2 + x + 1/4) - 1/16x*sqrt(p
i)*fresnel cos((2xx + 1)/sqrt(pi)) + 1/16*sqrt(pi)*fresnel _sin((2*x + 1)/sq
rt(pi))

Sympy [F] time = 0., size = 0, normalized size = 0.

1
fxzs.in2 (x2 +x+ Z)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*sin(1/4+x+x**2)**2 x)

[Out] Integral (x**2*sin(x**2 + x + 1/4)*%2, x)

Giac [C] time = 1.35223, size = 86, normalized size = 1.01

1 1 (
23 (2ix+1i
6x 32( ix+i)e

22l 1 2idain-l) 1 1, 1) 1
aieteain) _ 3—2(2ix—i)e( 2t egi) 3—2iﬁerf((i—1) X+ si- E)_ 3—21'\/Eerf(—(i+1j

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sin(1/4+x+x~2)72,x, algorithm="giac")

[Out] 1/6%x"3 - 1/32*%(-2%Ixx + I)*e” (2*I*x"2 + 2xI*xx + 1/2%I) - 1/32%(2*%I*x - I)x*
e (-2xIxx"2 - 2xIxx - 1/2%I) + 1/32%Ixsqrt(pi)*erf((I - 1)*x + 1/2xI - 1/2)
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- 1/32xI*xsqrt(pi)*erf(-(I + 1)*x - 1/2*xI - 1/2)
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. 1
3.25 [ xsin’ (Z +x + xz) dx
Optimal. Leaf size=46

+x2 1'n 2x? +2 +1
___1 f—
4 SS * )

é\/EFresneIC (Zx i 1)

\/ﬁ

[Out] x°2/4 + (Sqrt[Pil*FresnelC[(1 + 2*x)/Sqrt[Pil])/8 - Sin[1/2 + 2%x + 2xx72]/
8

Rubi [A] time = 0.0304473, antiderivative size = 46, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 13, LT

integrand size
0.308, Rules used = {3467, 3462, 3446, 3352}

1 2x +1 2
g\/EFresneIC( adll ) al

+ L 2x% + 2x + !
— — —sin(2x* +2x + =
N A 2
Antiderivative was successfully verified.

[In] Int[x*Sin[1/4 + x + x~2]72,x]

[Out] x72/4 + (Sqrt[Pi]*FresnelC[(1 + 2%x)/Sqrt[Pi]])/8 - Sin[1/2 + 2*x + 2*x72]/
8

Rule 3467

Int[((d_.) + (e_.)*(x_))"(m_.)*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_),
x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sin[a + b*x + c*x~2]"°n, x],
x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 3462

Int[Cosl[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[(exSin[a + b*x + c*x72])/(2*c), x] + Dist[(2*%cxd - bxe)/(2*c), Int[
Cos[a + b*x + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2xc*d - bx
e, 0]

Rule 3446

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Cos[(b + 2xc*x
)"2/(4xc)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4xaxc, 0]
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Rule 3352
Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, xI]

Rubi steps

1 x 1 1
21 2 _ A2 : 2
fxsm (4+x+x)dx f(z 2xcos(2+2x+2x )) dx

_E 1f 1+2 +2x2) d
=773 X COS 5 x + 2x% | dx
? 1 (1 ,) 1 )
=— ——gin[= +2x +2x +—fcos — 4+ 2x + 2x°| dx
4 8 2 4
2 1 1 1
=L Cgin|s+2x+2:2 +—fcos —(2 4 4x)? )| dx
4 8 4 8
2 1 1+2 1 1
:%'Fg\/%(:( ﬁx)—gsin(§+2x+2x2)

Mathematica [A] time = 0.0607905, size = 42, normalized size = 0.91

2x+1

=

% (\/EFresnelc ( ) +2x2 —sin (%(Zx + 1)2))

Antiderivative was successfully verified.

[In] Integrate[x*Sin[1/4 + x + x72]72,x]

[Out] (2*x~2 + Sqrt[Pi]#*FresnelC[(1 + 2x*x)/Sqrt[Pi]l] - Sin[(1 + 2x%x)~2/2])/8

Maple [A] time = 0.014, size = 35, normalized size = 0.8

2

X
4

1 1
~3 sin (— +2x+ 2x2) + %FresnelC (

1+2x
2

=

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*sin(1/4+x+x"2)72,%)
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[Out] 1/4x*x"2-1/8%sin(1/2+2%x+2*x"2)+1/8*FresnelC((1+2*x)/Pi~(1/2))*Pi~(1/2)

Maxima [C] time = 2.04188, size = 182, normalized size = 3.96

1 -2 o _l‘
65536 + 32768 2 + x(16384z 2 eding) ) gy (22 21)) + VB2 +8x+ 2(— (2048i — 2048) ‘/E\/%(erf\

1310

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(1/4+x+x72)72,x, algorithm="maxima"

[Out] 1/131072%(65536%x~3 + 32768*x72 + x*(16384*I*e” (2%xI*x"2 + 2xIxx + 1/2%I) -
16384xI*e” (-2%I*x"2 — 2*I*x - 1/2*I)) + sqrt(8*x~2 + 8*x + 2)*(-(2048*I - 2
048) xsqrt (2) *sqrt (pi)*(erf (sqrt (2*I*x~2 + 2xI*x + 1/2xI)) - 1) + (2048%I +
2048) *sqrt (2) *sqrt (pi) * (erf (sqrt (-2*I*x"2 - 2*I*x - 1/2%I)) - 1)) + 8192xIx
e~ (2xIxx"2 + 2xIkxx + 1/2%I) - 8192%I*e” (-2*I*x"2 - 2*I*x - 1/2%I))/(2*x + 1

)

Fricas [A] time = 1.65995, size = 135, normalized size = 2.93

1 1 1 1 1 2x+1
—xz——cos(x2+x+1)sin(x2+x+1)+—\/EC( ad )

47 4 8 Nz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(1/4+x+x72)72,x, algorithm="fricas")

[Out] 1/4*x"2 - 1/4*cos(x"2 + x + 1/4)*sin(x"2 + x + 1/4) + 1/8xsqrt(pi)*fresnel_
cos((2*x + 1)/sqrt(pi))

Sympy [B] time = 1.6479, size = 121, normalized size = 2.63

e (o) ez g)rl) m b)) el g

4 4 161“(1) 32F(§) 32F(4)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(1/4+x+x**2)**2,x)

[Out] x**2/4 - sqrt(pi)*xxfresnelc(2*x/sqrt(pi) + 1/sqrt(pi))/4 + sqrt(pi)*xx*fres
nelc(2*x/sqrt(pi) + 1/sqrt(pi))*gamma(1/4)/(16*gamma(5/4)) - sin(2*(x + 1/2

) *%2) *gamma (1/4) / (32*xgamma (5/4)) + sqrt(pi)*fresnelc(2*x/sqrt(pi) + 1/sqrt(
pi))*gamma(1/4)/(32+xgamma(5/4))

Giac [C] time = 1.28864, size = 73, normalized size = 1.59

1 1 1 1 1 1 1 1 1 1 242 x+ i 1. (-
A_sz - (§l+ 5) \/;el"f((l—l) X+ 51_ E) + (il_ i) \/gel"f(— (1+1) X — El— E) + Eie(le +21x+21) - RZE(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sin(1/4+x+x72)72,x, algorithm="giac")

[Out] 1/4*x72 - (1/32*%I + 1/32)*sqrt(pi)*erf((I - 1)*x + 1/2%I - 1/2) + (1/32*%I -
1/32)xsqrt(pi)*erf (-(I + 1)*x - 1/2*%I - 1/2) + 1/16%I*e” (2xI*x"2 + 2%xIxx +
1/2%I) - 1/16%I*e” (-2%I*x~2 - 2%I*xx - 1/2%I)
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. 1
3.26 [ sin? (Z +x+ xz) dx
Optimal. Leaf size=27

2x+1
ﬁFresnelC( s )

N

[Out] x/2 - (Sqrt[Pil*FresnelC[(1 + 2#*x)/Sqrt([Pi]])/4

NI &R
=

Rubi [A] time = 0.0146485, antiderivative size = 27, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 3, integrand size = 11, number of rules _

integrand size
0.273, Rules used = {3449, 3446, 3352}

NI &R
=

\/mFresnelC (Zx al 1)

=
Antiderivative was successfully verified.

[In] Int[Sin[1/4 + x + x72]72,x]
[Out] x/2 - (Sqrt[Pi]*FresnelC[(1 + 2xx)/Sqrt[Pil])/4

Rule 3449

Int[Sin[(a_.) + (b_)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTri
gReduce[Sin[a + b*x + c*xx~2]"°n, x], x] /; FreeQ[{a, b, c}, x] &% IGtQ[n, 1]

Rule 3446

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Cos[(b + 2xc*x
)~2/(4%c)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4*axc, 0]

Rule 3352
Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1C[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps
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(1 11 [
fsm (L—L+x+x2) dx:f(i—icos(§+2x+2x2)) dx

:E—lfcos( +2x+2x)dx
2 2

:E—lfcos( (2+4x)2) dx
2 2
x 1 1+ 2x

-3

Mathematica [A] time = 0.0125249, size = 27, normalized size = 1.

1 2x +1
1 (Zx - \/EFresnelC( i/—% ))

Antiderivative was successfully verified.

[In] Integrate[Sin[1/4 + x + x72]72,x]

[Out] (2*x - Sqrt[Pil*FresnelC[(1 + 2*x)/Sqrt[Pil])/4

Maple [A] time = 0.013, size = 20, normalized size = 0.7

1+2
J—C—ﬁFresnelC( il x)

27 4 =

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(1/4+x+x"2)72,x)

[Out] 1/2*x-1/4*FresnelC((1+2x*x)/Pi~(1/2))*Pi~(1/2)

Maxima [C] time = 1.73747, size = 46, normalized size = 1.7

—\/—((1—1) erf( NG )+(z+1) erf(%xf;))+%x
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sin(1/4+x+x"2)"2,x, algorithm="maxima"

[Out] 1/16x*sqrt(pi)*((I - 1)*erf((2xIxx + I)/sqrt(2*I)) + (I + 1)*xerf((2xIxx + I)
/sqrt(-2*I))) + 1/2xx

Fricas [A] time = 1.68478, size = 74, normalized size = 2.74

2x+1) 1

EAa s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x72)72,x, algorithm="fricas")

[Out] -1/4xsqrt(pi)*fresnel _cos((2*x + 1)/sqrt(pi)) + 1/2*x

Sympy [A] time = 0.887441, size = 22, normalized size = 0.81

N \/—C(4x+2)

2 4
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x**2)**2,x)

[Out] x/2 - sqrt(pi)*fresnelc((4*x + 2)/(2*sqrt(pi)))/4

Giac [C] time = 1.28109, size = 35, normalized size = 1.3

o) o)) e e

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(1/4+x+x72)72,x, algorithm="giac")

[Out] (1/16%I + 1/16)*sqrt(pi)*erf((I - 1)*x + 1/2xI - 1/2) - (1/16%I - 1/16)*sqr
t(pi)*erf (-(I + L)xx - 1/2*%I - 1/2) + 1/2xx
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. 1
smz(z+x+x2)
327 dx
X
Optimal. Leaf size=30
2 1
] 1 oS (2x +2x + —)
og®) _ —Unintegrable 2 ,X
2 2 X

[Out] Logl[x]/2 - Unintegrable[Cos[1/2 + 2*x + 2*x72]/x, x]/2

Rubi [A] time = 0.0275321, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — :
integrand size

Rules used = {}
sin? (i +x+ x2)

f dx
X

Verification is Not applicable to the result.

[In] Int[Sin[1/4 + x + x~2]72/x,x]

[Out] Loglx]/2 - Defer[Int] [Cos[1/2 + 2*x + 2*x~2]/x, x]/2

Rubi steps

1 cos (% +2x + 2x2)
dx

sin? (i +x+ xz)
d :f -
f X X 2x 2x

1 2
B log(x) 1 cos(i + 2x + 2x )

2 Ef X

dx

Mathematica [A] time = 10.9925, size = 0, normalized size = 0.

2 (1
sin? (Z +x+ xz)

f dx
X




Verification is Not applicable to the result.

[In] Integrate[Sin[1/4 + x + x72]72/x,x]

[Out] Integrate([Sin[1/4 + x + x72]72/x, x]
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Maple [A] time = 0.106, size = 0, normalized size = 0.

2
1 1
f— (sin(— +x+x2)) dx
X 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(1/4+x+x"2)"2/x,x)

[Out] int(sin(1/4+x+x72)72/x%,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

1 cos(2x2+2x+%)d 11
_Ef ” x+§ og (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x72)"2/x,x, algorithm="maxima"

[Out] -1/2xintegrate(cos(2*x”2 + 2*xx + 1/2)/x, x) + 1/2*log(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

2
cos(x2+x+z) -1

integral | - X
& X

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(1/4+x+x~2)72/x,x, algorithm="fricas")

[Out] integral(-(cos(x"2 + x + 1/4)72 - 1)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

. 1
sin? (xz +x+ Z)

f dx
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x**2)**2/x,x)

[Out] Integral(sin(x**2 + x + 1/4)**2/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x~2)72/x,x, algorithm="giac")

[Out] integrate(sin(x”2 + x + 1/4)72/x, x)
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328 |

Optimal. Leaf size=65

sin (2x2 +2x + %)

Unintegrable

2x 2x

[na2 1
2x+1)+cos(2x +2x+2) 1
X

,X JM/ES(\/E _ =

[Out] -1/(2*x) + Cos[1/2 + 2*xx + 2xx~2]/(2*x) + Sqrt[Pi]*FresnelS[(1 + 2x*x)/Sqrtl[
Pi]] + Unintegrable[Sin[1/2 + 2*x + 2xx72]/x, x]

Rubi [A] time = 0.0494996, antiderivative size = 0, normalized size of antiderivative =

. . number of rules
0., number of steps used = 0, number of rules used = 0, integrand size = 0, e -

Rules used = {}

integrand size ”

2 (1
sin? (Z +x+ xz)

f 2 dx

Verification is Not applicable to the result.

[In] Int[Sin[1/4 + x + x72]72/x72,x]

[Out] -1/(2*%x) + Cos[1/2 + 2*xx + 2xx72]/(2*x) + Sqrt[Pi]*FresnelS[(1 + 2*x)/Sqrtl[
Pi]] + Defer[Int] [Sin[1/2 + 2%x + 2xx"2]/x, x]

Rubi steps
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sin? (1 +x+ xz) 1 cos (% +2x + 2x2)

4
il o) dx—f@‘ % ax

1 1 c08 (% +2x+2x2)

- = d
2x 2 X2 X

1 cos (% +2x + 2x2) Lrox+ 2x2)

1 sin(2
=—— 4+ +2fsin(§+2x+2x2)dx+f

dx

2x 2x X

1 cos (% +2x + 2x2) 1 sin (% +2x + 2x2)
=—— 4+ +2fsin —(2 + 4x)? dx+f dx
2x 2x 8 X

sin (% + 2x + 2x2)

1 coS (% + 2x + 2x2)

() [

dx

X

Mathematica [A] time = 11.0357, size = 0, normalized size = 0.

.2 (1
sin? (Z +x+ xz)

f 2 dx

Verification is Not applicable to the result.

[In] Integrate[Sin[1/4 + x + x72]72/x72,x]

[Out] Integrate[Sin[1/4 + x + x72]72/x72, x]

Maple [A] time = 0.162, size = 0, normalized size = 0.

2
1/(. (1
f; (sm (Z +x+x2)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(1/4+x+x"2)"2/x72,x%)

[Out] int(sin(1/4+x+x~2)72/x72,x%)
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Maxima [A] time = 0., size = 0, normalized size = 0.

cos(2x2+2x+%)
x [ ————dx+1

2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x72)72/x72,x, algorithm="maxima")

[Out] -1/2*(x*integrate(cos(2*x”2 + 2*x + 1/2)/x72, x) + 1)/x

Fricas [A] time = 0., size = 0, normalized size = 0.

2
cos(x2+x+z) -1

X2

integral | - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x"2)"2/x72,x, algorithm="fricas")

[Out] integral(-(cos(x"2 + x + 1/4)72 - 1)/x72, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

. 1
sin? (xz +x+ Z)

f " dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x**2)**2/x**2,x)

[Out] Integral(sin(x**2 + x + 1/4)*x2/x*x2, x)




Giac [A] time = 0., size = 0, normalized size = 0.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(1/4+x+x72)72/x72,x, algorithm="giac")

[Out] integrate(sin(x"2 + x + 1/4)72/x72, x)

147
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3.29 f(d + ex)? sin (a + bx + cxz) dx

Optimal. Leaf size=285

\/gsin (a - g) (2cd — be)?FresnelC (\17_23_) \/7(308 (a —~ —) (2cd - be)?S (jf\z/ci) \/762 cos ( ) FresnelC (

465/2 405/2 2C3/2

[Out] -(ex(2xcxd - bxe)*Cos[a + b*x + c*x72])/(4*c”™2) - (ex(d + exx)*Cos[a + b*x
+ c*xx72])/(2xc) + (e”2xSqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2xc*x)/(

Sqrt [c]*Sqrt [2xPi])])/(2xc~(3/2)) + ((2%c*xd - bxe) "2*Sqrt[Pi/2]*Cos[a - b~2
/(4xc)]*FresnelS[(b + 2xc*x)/(Sqrt[cl*Sqrt[2*Pi])])/(4*c~(5/2)) + ((2*cx*d -

bxe) "2*Sqrt [Pi/2] *FresnelC[(b + 2%c*x)/(Sqrt[c]*Sqrt[2*Pi])]*Sin[a - b~2/(
4xc)])/(4xc~(5/2)) - (e~2xSqrt[Pi/2]*FresnelS[(b + 2xc*x)/(Sqrt[c]*Sqrt [2*P
i])1*Sin[a - b72/(4%c)]1)/(2%c~(3/2))

Rubi [A] time = 0.270835, antiderivative size = 285, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 6, integrand size = 19, number of rules _

0.316, Rules used = {3463, 3448, 3352, 3351, 3461, 3447}

\/;sm (a - —) (2cd — be)*FresnelC (\17_23_) [cos (a - —) (2cd - be)?S (3:2;1) [ez cos (a - —) FresnelC (

4512 4512 2¢3/2

integrand size

Antiderivative was successfully verified.

[In] Int[(d + e*xx)~"2*Sin[a + b*x + c*x"2],x]

[Out] -(ex(2%c*d - bxe)*Cos[a + b*x + c*x72])/(4*c™2) - (ex(d + exx)*Cos[a + b*x
+ c*xx72])/(2*%c) + (e”2*Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2*cxx)/(

Sqrt [c]*Sqrt [2xPi])])/(2xc~(3/2)) + ((2%c*d - bxe) "2*Sqrt[Pi/2]*Cos[a - b~2
/(4xc)]*FresnelS[(b + 2xc*x)/(Sqrt[cl*Sqrt[2*Pi])])/(4*c~(5/2)) + ((2*cx*d -

bxe) "2*Sqrt [Pi/2] *FresnelC[(b + 2*c*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a - b~2/(
4xc)])/(4xc™(5/2)) - (e”2xSqrt[Pi/2]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt [2*P
i])1#Sinla - 72/ (4*c)]1)/(2%c™(3/2))

Rule 3463

Int[((d_.) + (e_.)*(x_)) " (m_)*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sym
bol] :> -Simp[(e*x(d + e*x)~(m - 1)*Cos[a + b*x + c*x72])/(2%c), x] + (Dist[
(e”2%(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Cos[a + b*x + c*xx~2], x], x] - D
ist[(b*xe - 2%c*d)/(2*c), Int[(d + exx) " (m - 1)*Sin[a + b*x + c*x~2], x], x]
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) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2%c*d, 0] && GtQ[m, 1]

Rule 3448

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4*c)], Int[Cos[(b + 2%c*x)"2/(4*xc)], x], x] + Dist[Sin[(b~2 - 4x*xaxc)/
(4%c)], Int[Sin[(b + 2*c*xx)~2/(4xc)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]+*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]1*(e + fxx)])/(f*Rt[d, 21), x] /; FreeQ[{d, e, £}, x]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, xl

Rule 3461

Int[((d_.) + (e_.)*(x_))*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> -Simp[(exCos[a + bxx + c*x72])/(2%c), x] + Dist[(2%c*d - bxe)/(2xc), Int
[Sin[a + b*x + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
xe, 0]

Rule 3447

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4xc)], Int[Sin[(b + 2%c*x)~2/(4*xc)], x], x] — Dist[Sin[(b"2 - 4x*xaxc)/
(4xc)], Int[Cos[(b + 2xcxx)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rubi steps
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e(d + ex) cos (a +bx + cxz) e? [ cos (a +bx + cxz) dx  (=2cd + be) [(d + ex)s

+ex)?sin (a + bx + cx?) dx = — +
d 25i b 2) d
2c 2c 2
e(2cd — be) cos (a +bx + cxz) e(d + ex) cos (a +bx + cxz) (2cd — be)? [ sin (a
T 4¢? - 2c " 4¢?
T b?
e(2cd — be) cos (a +bx + cxz) e(d + ex) cos (u +bx + cxz) 32\/;(305 (a - 5) ‘
- _ - +
4c? 2c 2¢3/2
2 Tt bz
e(2cd — be) cos (a +bx + cxz) e(d + ex) cos (a +bx + cxz) € \/;COS =)
T 4¢2 - 2c - 2c3/2

Mathematica [A] time = 1.30037, size = 186, normalized size = 0.65

b+2cx . _f _ 2 2 ( _ﬁ)) (b+2CX)( ( _E) _ 2 _ 2 .
V2nFresnelC ( o \/E) (sm (a 4C) (be — 2cd)” + 2ce” cos (a | s V2ns NN cos |a— - (be — 2cd)= — 2ce* si
8c5/2

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~2*Sin[a + b*x + cxx"2],x]

[Out] (2*xSqrtlc]*ex(bxe - 2xc*(2*d + e*xx))*Cos[a + x*(b + c*x)] + Sqrt[2#Pi]*Fres
nelS[(b + 2xc*x)/(Sqrt[cl*Sqrt[2*Pi])]*((-2*c*d + bxe) 2*Cos[a - b~2/(4*c)]

- 2xcxe”2+Sin[a - b72/(4*c)]) + Sqrt[2xPil*FresnelC[(b + 2xc*x)/(Sqrt[c]l*S

qrt [2#Pi]) ] *(2*c*e~2xCos[a - b~2/(4*c)] + (-2*xcxd + b*e) 2*Sin[a - b2/ (4*c
)1))/(8xc~(5/2))

Maple [A] time = 0.01, size = 399, normalized size = 1.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) "2*sin(c*x~2+b*x+a) ,x)

[Out] -1/2*e”2/c*x*cos (cxx™2+b*x+a)-1/2*e”2*xb/cx(-1/2*cos (c*x~2+b*x+a) /c-1/4*b/c”
(3/2)*%27(1/2)*Pi~(1/2) *(cos ((1/4*b~2-c*a) /c) *FresnelS(2°(1/2) /Pi~(1/2) /c~ (1
/2)*(c*x+1/2%b) ) -sin((1/4*b"2-c*a) /c) *FresnelC(2”(1/2) /Pi~(1/2) /c~(1/2) *(c*
x+1/2*%b))))+1/4%e"2/c”(3/2)*2"(1/2)*Pi~(1/2)*(cos ((1/4%b~2-c*a) /c) *FresnelC
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(2°(1/2)/Pi~(1/2) /c~(1/2) *(c*xx+1/2%b) )+sin((1/4%b"2-c*a) /c) *FresnelS (2~ (1/2
)/Pi~(1/2)/c”(1/2) *(c*x+1/2%b) ) ) —~d*e/c*cos (c*x~2+bxx+a) -1/2*d*e*b/c” (3/2) *2
“(1/2)*Pi~(1/2)*(cos((1/4*b~2-c*a)/c) *FresnelS(2°(1/2) /Pi~(1/2) /c~(1/2) *(c*
x+1/2*b) )-sin((1/4*¥b"2-c*a) /c) *FresnelC(2~(1/2) /Pi~(1/2)/c”(1/2) *(c*xx+1/2*Db
I))+1/2%27(1/2)*Pi~(1/2) /¢~ (1/2)*d"2* (cos ((1/4%b"2-c*a) /c) *FresnelS (2~ (1/2)
/Pi~(1/2)/c”(1/2) *(c*x+1/2%b) ) -sin((1/4%b~2-c*a) /c)*FresnelC(2”(1/2) /Pi~(1/
2)/c”(1/2) *x(c*xx+1/2%b)))

Maxima [C] time = 3.95157, size = 5825, normalized size = 20.44

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2*sin(c*x~2+b*x+a),x, algorithm="maxima"

[Out] -1/8xsqrt(pi)*(((-I*cos(1/4*pi + 1/2xarctan2(0, c)) - Ixcos(-1/4*pi +
rctan2(0, c)) - sin(1/4*pi + 1/2xarctan2(0, c)) + sin(-1/4*pi + 1/2xarctan2
(0, c)))*cos(-1/4%(b"2 - 4xaxc)/c) - (cos(1/4%pi + 1/2*arctan2(0, c)) + cos
(-1/4%pi + 1/2%arctan2(0, c)) - Ixsin(1/4*pi + 1/2*arctan2(0, c)) + Ixsin(-
1/4*xpi + 1/2%arctan2(0, c)))*sin(-1/4%(b~2 - 4x*axc)/c))*erf (1/2*(2*I*xc*x +
I*b)/sqrt(I*c)) + ((-I*kcos(1/4*pi + 1/2*arctan2(0, c)) - Ixcos(-1/4x*pi + 1/
2xarctan2(0, c)) + sin(1/4xpi + 1/2%arctan2(0, c)) - sin(-1/4xpi + 1/2*arct
an2(0, c)))*cos(-1/4*(b~2 - 4xaxc)/c) + (cos(1/4*pi + 1/2*arctan2(0, c)) +
cos(-1/4*pi + 1/2*%arctan2(0, c)) + Ixsin(1/4*pi + 1/2%arctan2(0, c)) - Ixsi
n(-1/4*xpi + 1/2*%arctan2(0, c)))*sin(-1/4%(b~2 - 4*axc)/c))*erf (1/2*(2*I*xc*x
+ I*b)/sqrt(-Ixc)))*d~2/sqrt(abs(c)) - 1/4*x(((I*sqrt(pi)*(erf(1/2*xsqrt((4*
Ixc™2%x"2 + 4xIxb*cxx + I*b~2)/c)) - 1) - Ixsqrt(pi)*(erf(1/2*xsqrt(-(4xI*xc”
2%xx72 + 4xIxb*cxx + I*b~2)/c)) - 1))*b"2xcos(-1/4%(b"2 - 4x*axc)/c) + (sqrt(
pi)*(erf (1/2xsqrt ((4*I*c™2*x"2 + 4xI*bxc*x + I*b72)/c)) - 1) + sqrt(pi)*(er
f(1/2*%sqrt (- (4*xI*c™2%x72 + 4*xIxb*cxx + Ixb~2)/c)) - 1))*b"2*sin(-1/4*(b"2 -
4xaxc)/c) + ((2xIxsqrt(pi)*(erf(1/2*xsqrt((4*xI*c™2%x"2 + 4xIxbkxcxx + I*b~2)
/c)) = 1) - 2*Ixsqrt(pi)*(erf(1/2*xsqrt(-(4*xI*c™2*x"2 + 4xIxb*cxx + I*b~2)/c
)) = 1))*b*cxcos(-1/4*%(b"2 - 4*axc)/c) + 2x(sqrt(pi)*(erf(1/2*sqrt((4*xI*c™2
*x"2 + 4*xIxb*ckxx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*I*c™2*xx"2 +
4xI*bxc*xx + I*b~2)/c)) - 1))*bxc*ksin(-1/4%(b"2 - 4xa*c)/c))*x)*cos(1/2*xarc
tan2 ((4*c™2xx72 + 4xbxc*x + b72)/c, 0)) + ((sqrt(pi)*(erf(1/2xsqrt((4*Ixc~2
*x"2 + 4*xIxb*xcxx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*I*c™2xx"2 +
4xIxb*xcxx + I*b~2)/c)) - 1))*b"2xcos(-1/4*%(b"2 - 4*axc)/c) + (-Ixsqrt(pi)=*
(erf (1/2*sqrt ((4*xI*c™2%x72 + 4xIxbkcxx + I*b~2)/c)) - 1) + Ikxsqrt(pi)*(erf(
1/2*%sqrt (- (4*xI*c™2%x72 + 4*xIxb*cxx + Ixb~2)/c)) - 1))*b"2*sin(-1/4*%(b"2 - 4
xaxc)/c) + (2x(sqrt(pi)*(erf(1/2*sqrt((4*xI*c~2xx"2 + 4*Ixb*c*xx + I*b~2)/c))

1/2%a
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- 1) + sqrt(pi)*(erf(1/2xsqrt(-(4*I*c™2%x"2 + 4xI*bkxcxx + I*b~2)/c)) - 1))
xb*xckcos(-1/4x(b~2 - 4xaxc)/c) + (-2xI*sqrt(pi)*(erf(1/2xsqrt((4*I*c™2%x"2
+ 4xIxbxc*x + I*b~2)/c)) - 1) + 2xI*xsqrt(pi)*(erf(1/2xsqrt(-(4*I*c™2*x"2 +
4*xIxb*cxx + I*b~2)/c)) - 1))*bxcxsin(-1/4x(b”~2 - 4xaxc)/c))*x)*sin(1/2*arct
an2 ((4*c™2*x"2 + 4xbxcxx + b72)/c, 0)) + (2*xckx(e”(1/4*x(4*xI*c™2%x"2 + 4*I*b*
cxx + I*¥b72)/c) + e (-1/4x(4*Ixc™2%x"2 + 4*xIxbxc*x + I*b~2)/c))*cos(-1/4*(b
T2 - 4xaxc)/c) + ckx(2xIxe” (1/4%(4*xI*c™2*x"2 + 4xI*bxc*xx + I*b~2)/c) - 2xIxe
T(-1/4%(4%I*c™2%x72 + 4xI*bkxc*xx + I*b72)/c))*sin(-1/4%(b~2 - 4xax*xc)/c))*sqr
t ((4%c™2%x72 + 4*bxc*x + b~2)/abs(c)))*d*e/(c™2xsqrt ((4*c™2*x"2 + 4xb*ckxx +

b~2)/abs(c))) + 1/16%((4dxbkxcx(e”(1/4*%(4*xI*c™2xx"2 + 4*Ixb*c*xx + I*b~2)/c)
+ e7(-1/4*%(4xI*c™2*x"2 + 4xIxb*cxx + I*b~2)/c))*abs(c)*cos(-1/4x(b"2 - 4xax
c)/c) + bxckx(4xIkxe™ (1/4%(4*xI*c™2*%x"2 + 4xI*xbxcxx + I*b~2)/c) - 4xIxe”(-1/4x%
(4*I*c™2%x72 + 4xI*bxc*xx + I*b~2)/c))*abs(c)*sin(-1/4%(b"2 - 4xax*xc)/c))*((4
*xCT2%x"2 + 4xbkxcxx + b72)/abs(c))~(3/2) + (b"3x(-4*xIxgamma(3/2, 1/4%(4*xI*c”
2%x72 + 4xIxbxc*x + I*b~2)/c) + 4xIxgamma(3/2, -1/4*(4*xIxc™2*xx"2 + 4*xIxb*cx
x + I*b72)/c))*abs(c)*cos(-1/4%(b~2 - 4*axc)/c) - 4*b~3x(gamma(3/2, 1/4*(4x
I*c™2%x72 + 4*Ixbxcxx + I*b72)/c) + gamma(3/2, -1/4x(4*xIxc™2%x"2 + 4xI*b*cx
x + Ixb~2)/c))*abs(c)*sin(-1/4%(b"2 - 4*axc)/c) + (c~3*(-32*%Ixgamma(3/2, 1/
4% (4*I*c™2%x72 + 4xIxbkxcxx + I*b72)/c) + 32*Ikxgamma(3/2, -1/4*%(4xI*c”2xx"2
+ 4xIxbxc*x + I*b~2)/c))*abs(c)*cos(-1/4x(b~2 - 4*a*xc)/c) - 32*c”3*(gamma(3
/2, 1/4x(4xI*c™2xx"2 + 4*xIxb*cxx + Ixb~2)/c) + gamma(3/2, -1/4x(4*I*c~2%x"2

+ 4xIxbxc*x + I*b~2)/c))*abs(c)*sin(-1/4*(b"2 - 4*axc)/c))*x"3 + (b*xc™2*(-
48xI*gamma (3/2, 1/4*%(4*xI*c”2%x"2 + 4*Ixb*c*x + I*b~2)/c) + 48*I*gamma(3/2,
—-1/4% (4*I*c™2xx"2 + 4*Ixbxcxx + I*¥b~2)/c))*abs(c)*cos(-1/4%(b~2 - 4*axc)/c)

- 48xb*xc”2x(gamma (3/2, 1/4%(4*I*c~2*x"2 + 4xI*bxc*x + I*b~2)/c) + gamma(3/
2, -1/4%x(4xI*c™2*%x"2 + 4xIxbxcxx + I*b~2)/c))*abs(c)*sin(-1/4%x(b~2 - 4xaxc)
/c))*x"2 + (b7 2%cx(-24*I*xgamma(3/2, 1/4*(4*I*c™2%x72 + 4xIxbkxcxx + I*b~2)/c
) + 24xIxgamma(3/2, -1/4*(4*I*c™2*x"2 + 4xI*b*ckx + I*b~2)/c))*abs(c)*cos(-
1/4% (b2 - 4xaxc)/c) - 24xb~2kxcx(gamma(3/2, 1/4%(4*I*c™2*x72 + 4xI*bkxc*x +
I¥b~2)/c) + gamma(3/2, -1/4%(4*xIxc”2*xx"2 + 4*Ixbxc*x + I*b~2)/c))*abs(c)*si
n(-1/4*x(b~2 - 4*axc)/c))*x)*cos(3/2*xarctan2((4*c™2*x"2 + 4*xb*c*x + b~2)/c,
0)) + ((I*sqrt(pi)*(erf(1/2xsqrt((4*Ixc”2%xx"2 + 4*I*xbxc*x + I*b~2)/c)) - 1)

- Ixsqrt(pi)*(erf (1/2xsqrt (-(4*Ixc™2%x"2 + 4*xIxbkxc*x + I*b~2)/c)) - 1))*b~
5xcos(-1/4x(b~2 - 4xaxc)/c) + (sqrt(pi)*(erf(1/2*sqrt((4*xI*c™2%x72 + 4*xI*bx
ckx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*Ixc~2*x"2 + 4*I*xbxc*x +
I¥b"2)/c)) - 1))*b~5*xsin(-1/4x(b~2 - 4xa*xc)/c) + ((8xI*xsqrt(pi)*(erf(1/2xsq
rt ((4xI*xc™2%xx"2 + 4*Ixb*ckx + I*b~2)/c)) - 1) - 8*Ixsqrt(pi)*(erf(1/2*sqrt(
—(4*%Ixc™2%x72 + 4*xIxbxc*x + I*b72)/c)) - 1))*b"2*c"3*cos(-1/4%(b"2 - 4xax*c)
/c) + 8x(sqrt(pi)*(erf(1/2xsqrt((4*Ixc™2%xx"2 + 4*Ixb*xc*x + I*b~2)/c)) - 1)
+ sqrt(pi)*(erf (1/2*sqrt (- (4*I*xc~2%x"2 + 4*Ixbxc*x + I*b~2)/c)) - 1))*b"2xc
“3*sin(-1/4*% (b2 - 4xaxc)/c))*x"3 + ((12xI*sqrt(pi)*(erf (1/2*sqrt ((4*Ixc™2x*
X"2 + 4xIxbxc*x + I*b~2)/c)) - 1) - 12xIxsqrt(pi)*(erf (1/2*xsqrt(-(4xI*c™2%*x
T2 + 4xIxbxc*x + I*b72)/c)) - 1))*b~3%c”2%cos(-1/4%x(b"2 - 4xa*xc)/c) + 12x%(s
qrt (pi)*(erf (1/2*sqrt ((4*xI*c™2%x"2 + 4*xIxb*cxx + I*xb~2)/c)) - 1) + sqrt(pi)
x(erf (1/2*sqrt (- (4*I*c™2*%x"2 + 4xI*xbxc*x + I*b~2)/c)) - 1))*b~3*%c”2*sin(-1/
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4% (b”™2 - 4*axc)/c))*x"2 + ((6xI*sqrt(pi)*(erf(1/2xsqrt((4*Ixc™2%x"2 + 4*xIx*Db
xcxx + I*b72)/c)) - 1) - 6%I*xsqrt(pi)*(erf(1/2xsqrt(-(4*I*c™2*x"2 + 4*I*b*c
xx + Ixb72)/c)) - 1))*b~4*ckxcos(-1/4x(b~2 - 4xaxc)/c) + 6*x(sqrt(pi)*(erf(1/
2xsqrt ((4*I*xc™2*x72 + 4xIxbkxcxx + I*¥b72)/c)) - 1) + sqrt(pi)*(erf(1/2xsqrt(
—(4xI*c™2%x72 + 4xIxb*cxx + I*xb~2)/c)) - 1))*b~4*c*xsin(-1/4x(b~2 - 4xax*c)/c
))*x)*cos (1/2*%arctan2 ((4*c™2xx”2 + 4*bxc*x + b"2)/c, 0)) - (4xb~3*(gamma(3/
2, 1/4%(4*I*c™2%x72 + 4xI*bxc*x + I*b72)/c) + gamma(3/2, -1/4*(4*I*c~2%x"2

+ 4xIxbxc*x + I*b~2)/c))*abs(c)*cos(-1/4%(b~2 - 4*axc)/c) - b~ 3*(4*I*xgamma (
3/2, 1/4x(4xI*c™2xx"2 + 4*xIxb*cxx + I*b~2)/c) - 4xIkxgamma(3/2, -1/4*%(4xI*c”
2*%x72 + 4xI*bkxcxx + I*b~2)/c))*abs(c)*sin(-1/4%(b~2 - 4*axc)/c) + (32xc~3x(
gamma (3/2, 1/4%(4*I*xc™2%x72 + 4xI*bkxc*x + I*b72)/c) + gamma(3/2, -1/4*(4*Ix
CcT2%x72 + 4xIxbxcxx + Ixb~2)/c))*abs(c)*cos(-1/4%(b"2 - 4*a*c)/c) - c~3%(32
xI*xgamma (3/2, 1/4%(4xI*c”2%x"2 + 4*xIxb*cxx + Ixb~2)/c) - 32xI*gamma(3/2, -1
/4% (4%Ixc™2%x"2 + 4xI*xbxc*x + I*b~2)/c))*abs(c)*sin(-1/4x(b~2 - 4*a*xc)/c))*
Xx"3 + (48%bxc”2x(gamma(3/2, 1/4x(4xI*c™2%x"2 + 4xIxb*xcxx + I*xb~2)/c) + gamm
a(3/2, -1/4*x(4xI*xc™2*x"2 + 4xIxb*c*x + I*b~2)/c))*abs(c)*cos(-1/4*%(b"2 - 4%
axc)/c) — bkxcT2%(48xIkxgamma(3/2, 1/4x(4*xI*c™2%x"2 + 4xIxbkxcxx + I*b~2)/c) -
48xIxgamma (3/2, -1/4%(4*I*c™2*x"2 + 4xI*bxc*x + I*b~2)/c))*abs(c)*sin(-1/4
x(b72 - 4xaxc)/c))*x"2 + (24*b”"2*c*k(gamma(3/2, 1/4%(4xI*c™2xx"2 + 4*xIxb*c*x
+ I*¥b”"2)/c) + gamma(3/2, -1/4*(4*Ixc~2*x~2 + 4*xIxbxc*x + I*b~2)/c))*abs(c)
xcos(-1/4%(b~2 - 4*axc)/c) - b~ 2*c*x(24*Ixgamma (3/2, 1/4%(4*I*c™2*x"2 + 4x*Ix
bxckx + I*b~2)/c) - 24*xIxgamma(3/2, -1/4%(4*Ixc™2%x"2 + 4*I*bxc*x + I*b~2)/
c))*abs(c)*sin(-1/4%(b~2 - 4xaxc)/c))*x)*sin(3/2*arctan2((4*c”~2*x"2 + 4xbx*c
*x + b~2)/c, 0)) + ((sqrt(pi)*(erf(1/2*sqrt((4*xI*c™2%x"2 + 4xIxbkcxx + I*b~
2)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*xI*c”2%xx"2 + 4*Ixb*c*x + I*b~2)/c))
- 1))*b~5*cos(-1/4%(b"2 - 4xaxc)/c) + (-Ixsqrt(pi)*(erf(1/2xsqrt ((4*xIxc~2%
X72 + 4xIxbxc*x + I*b72)/c)) - 1) + Ixsqrt(pi)*(erf(1/2*sqrt(-(4*xI*c™2%xx"2

+ 4xIxbxc*x + I*b72)/c)) - 1))*b"5b*sin(-1/4*(b~2 - 4xa*xc)/c) + (8*(sqrt(pi)
x(erf (1/2+sqrt ((4xI*c™2xx"2 + 4*xIxb*cxx + I*b~2)/c)) - 1) + sqrt(pi)=*(erf(l
/2%sqrt (- (4%Ixc~2%x"2 + 4*Ixb*xc*x + I*b~2)/c)) - 1))*b~2xc”3*cos(-1/4x(b~2

- 4xaxc)/c) + (-8xIxsqrt(pi)*(erf(1/2xsqrt((4*I*c™2+x"2 + 4xIxb*c*x + Ixb~2
)/c)) — 1) + 8xIkxsqrt(pi)*(erf(1/2*sqrt(-(4*Ixc™2%x"2 + 4*xIxbkxc*x + I*b~2)/
c)) - 1))*xb72%c”3*sin(-1/4*(b~2 - 4xax*xc)/c))*x"3 + (12x(sqrt(pi)*(erf(1/2x*s
qrt ((4*Ixc™2*x"2 + 4*I*xbxc*x + I*b~2)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4
xI*Cc72%x72 + 4xIxb*cxx + Ixb~2)/c)) - 1))*b~3*c”™2xcos(-1/4%(b~2 - 4*axc)/c)
+ (-12*Ixsqrt(pi)*(erf (1/2*sqrt ((4xI*c™2%x"2 + 4*xIxb*cxx + Ixb~2)/c)) - 1)
+ 12%I*sqrt (pi) *(erf (1/2*%sqrt (- (4*I*c™2%x"2 + 4xIxb*cxx + I*b~2)/c)) - 1))
*b"3%c"2*sin(-1/4*%(b"2 - 4xa*xc)/c))*x"2 + (6*(sqrt(pi)*(erf(1/2*xsqrt((4*Ix*c
T2%x72 + 4xIxbkxcxx + I*¥b72)/c)) - 1) + sqrt(pi)*(erf(1/2xsqrt(-(4*I*c™2%x"2
+ 4*Ixbxc*x + I*b~2)/c)) - 1))*b~4xc*xcos(-1/4%(b"2 - 4xaxc)/c) + (-6*%Ixsqr
t(pi)*(erf (1/2+sqrt ((4*Ixc™2*x"2 + 4*Ixb*xc*x + I*b~2)/c)) - 1) + 6xI*xsqrt(p
i)*(erf (1/2*sqrt (- (4*I*c™2*x"2 + 4*xIxb*c*x + I*b~2)/c)) - 1))*b 4xc*sin(-1/
4x(b~2 - 4xaxc)/c))*x)*sin(1/2*%arctan2((4*c™2%x"2 + 4xb*c*xx + b~2)/c, 0)))*
€72/ (c™3*x((4*c™2*x"2 + 4xb*xc*xx + b72)/abs(c))~(3/2)*abs(c))
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Fricas [A] time = 1.79653, size = 567, normalized size = 1.99

b4 4c

2_ ac . 2 ac C ﬁ(z +b) 7£7 . 2_ ac
\/5(2 Tice? cos (—b ﬁ ) + n(4 c2d? — 4 bede + bzez) sin (—%)) -C (C;C—C\/—J - \5(2 ice? sin (—b 4 ) - n(4

8c3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2*sin(c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/8*(sqrt(2)*(2xpixc*xe”~2xcos(-1/4%(b"2 - 4*axc)/c) + pik(4*c™2*%d"2 - 4xb*cx
dxe + b7 2*e"2)*sin(-1/4%(b~2 - 4*axc)/c))*sqrt(c/pi)*fresnel _cos(1/2*sqrt(2
)*(2*%cxx + b)*sqrt(c/pi)/c) - sqrt(2)*(2xpikcxe™2xsin(-1/4%(b~2 - 4*axc)/c)

- pix(4xc™2*d"2 - 4xbkxcxd*e + b"2xe”2)*cos(-1/4*(b"2 - 4xaxc)/c))*sqrt(c/p
i)*fresnel sin(1/2*sqrt(2)*(2*c*x + b)*sqrt(c/pi)/c) - 2x(2*c™2*e"2%x + 4*c
“2xd*e - bxcxe”2)*cos(cxx"2 + b¥x + a))/c”3

Sympy [F] time = 0., size = 0, normalized size = 0.

f (d + ex)* sin (a + bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*sin(ckx**2+b*x+a),x)

[Out] Integral((d + exx)**2xsin(a + b*x + c*x**2), x)

Giac [C] time = 1.2609, size = 768, normalized size = 2.69

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2*sin(c*x~2+b*x+a),x, algorithm="giac")

[Out] 1/4*Ixsqrt(2)*sqrt(pi)*d~2%erf (-1/4*sqrt(2)*(2xx + b/c)*(-I*xc/abs(c) + 1)*s
qrt(abs(c)))*e”(-1/4%(I*b"2 - 4xIxa*xc)/c)/((-I*c/abs(c) + 1)x*sqrt(abs(c)))
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- 1/4xI*sqrt(2)*sqrt (pi)*d~2*xerf (-1/4*sqrt (2) *(2*x + b/c)*(I*c/abs(c) + 1)*
sqrt(abs(c)))*e”(-1/4%(~I*b~2 + 4xIxaxc)/c)/((Ixc/abs(c) + 1)*sqrt(abs(c)))
- 1/4%(I*xsqrt(2) *sqrt (pi) *bxd*erf (-1/4*sqrt (2)*(2%x + b/c)*(-I*c/abs(c) +
D xsqrt(abs(c)))*e”(-1/4%(I*b~2 - 4xIxaxc - 4xc)/c)/((-I*xc/abs(c) + 1)*sqrt
(abs(c))) + 2xd*e” (I*xc*xx"2 + Ixbxx + I*a + 1))/c - 1/4*%(-I*sqrt(2)*sqrt(pi)
xbxd*erf (-1/4*sqrt(2)*(2*x + b/c)*(Ixc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4x(-
I*¥b~2 + 4xIxaxc - 4xc)/c)/((Ixc/abs(c) + 1)*sqrt(abs(c))) + 2xd*e” (-I*c*x"2
- Ixb*x - Ixa + 1))/c - 1/16%(-I*sqrt(2)*sqrt(pi)*(b~2 + 2*Ixc)*erf(-1/4%s
qrt(2)*(2*x + b/c)*(-I*xc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4*(I*b~2 - 4xI*axc
- 8xc)/c)/((-Ixc/abs(c) + 1)*sqrt(abs(c))) - 2*I*x(c*x(2xI*x + Ix*b/c) - 2%Ix
b)*xe” (I*c*x™2 + I¥b*x + Ixa + 2))/c”2 - 1/16%(I*sqrt(2)*sqrt(pi)*(b™2 - 2xI
xc)*xerf (-1/4*sqrt (2)*(2%x + b/c)*(Ixc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4*(-1
*b~2 + 4xIxaxc - 8%c)/c)/((I*xc/abs(c) + 1)*sqrt(abs(c))) - 2xI*x(c*x(2*I*xx +

Ixb/c) - 2%I*b)*e”(-Ixckx"2 - Ixbkx - I*a + 2))/c”2



156

3.30 f(d + ex) sin (a + bx + cxz) dx

Optimal. Leaf size=140

o v b+2cx T b+2cx
\/;sm (a - Z) (2cd — be)FresnelC (‘/Z_m/z) \/;cos( ) (2cd - be)S (\/_\/_) e COS (a b+ sz)
2032 + 2032 2c

[Out] -(ex*Cos[a + b*x + c*x72])/(2*c) + ((2*c*d - bxe)*Sqrt[Pi/2]*Cos[a - b~2/(4x
c)]*FresnelS[(b + 2xc*x)/(Sqrt[cl*Sqrt[2*Pi])])/(2*c~(3/2)) + ((2*c*d - bx*e
)*Sqrt [Pi/2] #*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])]*Sin[a - b~2/(4*c)])
/(2%c~(3/2))

Rubi [A] time = 0.0558215, antiderivative size = 140, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 17, number of rules _

0.235, Rules used = {3461, 3447, 3351, 3352}

\/Zsm (a - —) (2cd — be)FresnelC (‘17_23_) \/?COS( )(2cd be)S (f/:z/ci) e COS (a b+ sz)
2032 232 2c

integrand size

Antiderivative was successfully verified.

[In] Int[(d + exx)*Sin[a + b*x + c*xx~2],x]

[Out] -(exCos[a + b*x + cxx"2])/(2%c) + ((2%cxd - b*e)*Sqrt[Pi/2]*Cos[a - b~2/(4x
c)]*FresnelS[(b + 2xcx*x)/(Sqrtlc]*Sqrt[2+«Pi])])/(2%c~(3/2)) + ((2%c*d - bxe
)*Sqrt [Pi/2] *FresnelC[(b + 2*c*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a - b~2/(4*c)])
/(2xc™(3/2))

Rule 3461

Int[((d_.) + (e_.)*(x_))*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> -Simp[(exCos[a + bxx + c*x72])/(2%c), x] + Dist[(2%c*d - bxe)/(2xc), Int
[Sin[a + b*x + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
xe, 0]

Rule 3447

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4xc)], Int[Sin[(b + 2*c*x)"2/(4*c)], x], x] - Dist[Sin[(b~2 - 4xaxc)/
(4%c)], Int[Cos[(b + 2%c*x)~2/(4%xc)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
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b~2 - 4xaxc, 0]
Rule 3351
Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)]1)/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, xI]
Rule 3352
Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps

ecos (a +bx + cxz) (2cd - be) [ sin (a +bx + cxz) dx
+

f(d+ex)sin(a+bx+cx2) dx = —
2c 2c

cos (a+ by + cx?) ((20d = be)cos a- Z—z)) [sin(P22E) ax((@ad - bo)s
T 2c " +

b+2 T b-

_ _ecos (a + bx + cx (ZCd be)fcos( )S (\/—Tci) (2cd - be)\/;C (E

2c 2032 203

Mathematica [A] time = 0.668156, size = 128, normalized size = 0.91

V27 sin (a - Z—Z) (2¢d — be)FresnelC ( j;_;[) + V27 cos (a - —) (2¢d - be)S ( \b;jc_) 2+/ce cos(a + x(b + cx))
4¢3/2

Antiderivative was successfully verified.

[In] Integrate[(d + exx)*Sin[a + b*x + c*x~2],x]

[Out] (-2*Sqrtlcl*e*Cos[a + x*(b + c*xx)] + (2%cxd - b*xe)*Sqrt[2*Pi]*Cos[a - b~2/(
4xc)]*FresnelS[(b + 2xc*x)/(Sqrt[c]*Sqrt[2*Pi])] + (2%c*d - bxe)*Sqrt[2*Pi]
xFresnelC[(b + 2xc*x)/(Sqrt[cl*Sqrt[2*Pi])]*Sin[a - b72/(4*c)])/(4xc~(3/2))

Maple [A] time = 0.01, size = 184, normalized size = 1.3

R 1 L CI T LA BT R
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*sin(c*x~2+b*xx+a),x)

[Out] -1/2*e*cos(cxx™2+bxx+a)/c-1/4*e*xb/c”(3/2)*27(1/2)*Pi~(1/2)*(cos((1/4*b~2-c*
a)/c)*FresnelS(2°(1/2)/Pi~(1/2)/c~(1/2)*(c*x+1/2*b) )-sin((1/4*b~2-c*a) /c) *F
resnelC(2°(1/2)/Pi~(1/2)/c~(1/2) * (c*x+1/2%b) ) ) +1/2x2~(1/2)*Pi~(1/2) /c~(1/2)

*d* (cos ((1/4*b~2-c*a)/c)*FresnelS(27(1/2)/Pi~(1/2)/c”~(1/2)*(cxx+1/2%b))-sin
((1/4%b"2-c*a)/c)*FresnelC(2°(1/2)/Pi~(1/2)/c~(1/2) *(c*x+1/2*b)))

Maxima [C] time = 2.71412, size = 1702, normalized size = 12.16

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sin(c*x~2+b*x+a),x, algorithm="maxima"

[Out] -1/8x*sqrt(pi)*(((-Ixcos(1/4*pi + 1/2%arctan2(0, c)) - Ixcos(-1/4*pi + 1/2xa
rctan2(0, c)) - sin(1/4*pi + 1/2xarctan2(0, c)) + sin(-1/4*pi + 1/2xarctan2
(0, c)))*cos(-1/4%(b"2 - 4*axc)/c) - (cos(1/4xpi + 1/2*arctan2(0, c)) + cos
(-1/4%pi + 1/2%arctan2(0, c)) - Ixsin(1/4*pi + 1/2*arctan2(0, c)) + Ixsin(-
1/4*xpi + 1/2*%arctan2(0, c)))*sin(-1/4%(b~2 - 4*axc)/c))*erf (1/2*(2*I*xc*x +
I*b)/sqrt(I*c)) + ((-I*kcos(1/4*pi + 1/2*arctan2(0, c)) - Ixcos(-1/4*pi + 1/
2xarctan2(0, c)) + sin(1/4*pi + 1/2%arctan2(0, c)) - sin(-1/4*pi + 1/2*arct
an2(0, c)))*cos(-1/4*(b~2 - 4xaxc)/c) + (cos(1/4*pi + 1/2*arctan2(0, c)) +
cos(-1/4*pi + 1/2*%arctan2(0, c)) + Ixsin(1/4*pi + 1/2%arctan2(0, c)) - Ixsi
n(-1/4*pi + 1/2*%arctan2(0, c)))*sin(-1/4%(b~2 - 4*axc)/c))*erf (1/2%(2*I*xc*x
+ Ixb)/sqrt(-I*c)))*d/sqrt(abs(c)) - 1/8x(((Ixsqrt(pi)*(erf(1/2*sqrt((4*Ix*
CT2%x72 + 4xIxbxc*x + I*b72)/c)) - 1) - Ikxsqrt(pi)*(erf(1/2*sqrt(-(4*Ixc” 2%
X"2 + 4xIxb*cxx + I*b~2)/c)) - 1))*b"2xcos(-1/4%(b”"2 - 4x*axc)/c) + (sqrt(pi
)*(erf (1/2*%sqrt ((4*I*c™2*x72 + 4xI*bxc*xx + I*¥b72)/c)) - 1) + sqrt(pi)*(erf(
1/2*%sqrt (- (4*xI*c™2%x72 + 4*xIxb*cxx + Ixb~2)/c)) - 1))*b"2*sin(-1/4*%(b"2 - 4
xaxc)/c) + ((2xIxsqrt(pi)*(erf(1/2*sqrt((4*xI*c™2%x72 + 4xIxbkxcxx + I*xb~2)/c
)) = 1) - 2*Ixsqrt(pi)*(erf(1/2*sqrt(-(4*Ixc~2*x"2 + 4*Ixb*c*x + I*b~2)/c))
- 1)) *bxc*xcos(-1/4*(b"2 - 4xax*xc)/c) + 2*(sqrt(pi)*(erf(1/2*xsqrt((4*I*c™2xx
T2 + 4xIxbxckxx + I*b72)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*I*c™2*x"2 + 4
xI*xbxcxx + I*b72)/c)) - 1))*bxcksin(-1/4%(b"2 - 4xa*c)/c))*x)*cos(l/2*arcta
n2((4*c™2*x"2 + 4xb*xcxx + b~2)/c, 0)) + ((sqrt(pi)*(erf(1/2*sqrt((4*xI*c”2%*x
T2 + 4xIxbxc*xx + I*b72)/c)) - 1) + sqrt(pi)*(erf(1/2*sqrt(-(4*I*c™2*x"2 + 4
xIxb*xcxx + I*b~2)/c)) - 1))*b"2xcos(-1/4%(b"2 - 4x*axc)/c) + (-Ixsqrt(pi)*(e
rf(1/2*%sqrt ((4*xI*c”™2%x72 + 4*xIxb*cxx + I*xb~2)/c)) - 1) + Iksqrt(pi)*(erf(1/
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2xsqrt (- (4xI*c™2%x72 + 4xIxb*cxx + I*b~2)/c)) - 1))*b"2*sin(-1/4*%(b"2 - 4x*a
xc)/c) + (2x(sqrt(pi)*(erf(1/2xsqrt((4*I*c™2*x"2 + 4xI*bxc*x + I*b~2)/c)) -
1) + sqrt(pi)*(erf (1/2*xsqrt(-(4*xI*c™2%x"2 + 4*xIxb*cxx + Ixb~2)/c)) - 1))*Db
xc*xcos(-1/4%(b"2 - 4xaxc)/c) + (-2xIxsqrt(pi)*(erf(1/2*xsqrt((4*xI*c™2*x"2 +
4xT*bxc*xx + I*¥b72)/c)) - 1) + 2xI*xsqrt(pi)*(erf (1/2xsqrt(-(4*xI*c™2%x"2 + 4x%
Ixbxc*x + I*xb~2)/c)) - 1))*b*c*sin(-1/4*%(b~2 - 4*a*xc)/c))*x)*sin(1l/2*arctan
2((4*%c™2*x72 + 4xb*xcxx + b~2)/c, 0)) + (2kcx(e”(1/4*%(4*I*xc™2%xx"2 + 4*xIxb*cx
x + I*¥b72)/c) + e (-1/4x(4*xIxc™2%x"2 + 4xIxb*c*x + I*b~2)/c))*cos(-1/4*%(b"2
- 4xaxc)/c) + cx(2xIxe” (1/4x(4xIxc™2%x"2 + 4xIxb*ckxx + I*b~2)/c) - 2%I*xe”(
—-1/4% (4xI*c™2xx"2 + 4*xIxb*cxx + I*b~2)/c))*sin(-1/4*(b~2 - 4*axc)/c))*sqrt(
(4*c™2*%x"2 + 4xbxc*x + b~2)/abs(c)))*e/(c™2*sqrt ((4*c™2xx"2 + 4*b*c*x + b~2
)/abs(c)))

Fricas [A] time = 1.74135, size = 359, normalized size = 2.56

_ V22 cxtb)4 /£ V22 cx+b) | < _
V27(2 ed - be) | = cos _Prdac S N + V2712 ed - be) /< C YN sin _Prdac —2cecos (cx® +
b4 4c T 2¢c 4c

2c

4c?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sin(c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/4*(sqrt(2)*pi*(2xc*d - b*e)*sqrt(c/pi)*cos(-1/4* (b2 - 4*axc)/c)*fresnel
sin(1/2*xsqrt(2) *(2*%cxx + b)*sqrt(c/pi)/c) + sqrt(2)*pi*x(2xc*d - bx*e)*sqrt(c
/pi)*fresnel _cos(1/2*sqrt(2)*(2%c*x + b)*sqrt(c/pi)/c)*sin(-1/4%(b"2 - 4*ax

c)/c) - 2xcxexcos(cxx™2 + b*x + a))/c”2

Sympy [F] time = 0., size = 0, normalized size = 0.

f (d + ex) sin (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sin(ckx*x*2+b*x+a),x)

[Out] Integral((d + e*x)*sin(a + b*x + c*xx**2), x)
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Giac [C] time = 1.28206, size = 441, normalized size = 3.15

_”’2;#) . ) ) (_71‘;72‘;41'“) iV2y/
z\/—\/_derf(—— (2x+ )( ) ) _zx/zﬁderf(—Z\/_(Zx+ )(||+1)\/|?)e

4(——+1)\/ﬂ 4(||+1)\/ﬂ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sin(c*x~2+b*x+a),x, algorithm="giac")

[Out] 1/4*Ixsqrt(2)*sqrt(pi)*d*erf(-1/4*sqrt(2)*(2xx + b/c)*(-Ixc/abs(c) + 1)*sqr
t(abs(c)))*e” (-1/4x(Ixb~2 - 4*Ixaxc)/c)/((-Ixc/abs(c) + 1)*sqrt(abs(c))) -
1/4xI*xsqrt (2) *sqrt (pi) *dxerf (-1/4*sqrt (2) *(2xx + b/c)*(I*c/abs(c) + 1)*sqrt
(abs(c)))*e”(-1/4%(-I*b~2 + 4xIxaxc)/c)/((Ixc/abs(c) + 1)*sqrt(abs(c))) - 1

/8% (I*xsqrt (2) *sqrt (pi) *bkxerf (-1/4*sqrt (2)*(2*x + b/c)*(-I*xc/abs(c) + 1)*sqr
t(abs(c)))*e” (-1/4x(I*xb~2 - 4xIxa*xc - 4*c)/c)/((-Ixc/abs(c) + 1)xsqrt(abs(c

))) + 2xe”(Ixcxx™2 + Ixbxx + I*a + 1))/c - 1/8x(-I*sqrt(2)*sqrt(pi)*b*erf (-
1/4xsqrt (2) *(2xx + b/c)*(I*xc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4*(-I*b"2 + 4%

Ixa*xc - 4xc)/c)/((Ixc/abs(c) + 1)*sqrt(abs(c))) + 2xe~ (~I*c*x™2 - Ixb*x - I

*a + 1))/c
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3.31 fsin (a + bx + cxz) dx

Optimal. Leaf size=97
o b2 b+2cx 4 b2 b+2cx
\/;sm (a—;)FresnelC(\/z_m/E) \/;cos (u—Z)S(\/E\/Z—n)
+
Ve Ve

[Out] (Sqrt[Pi/2]*Cosl[a - b~2/(4*c)]+*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[2xPi])])/
Sqrt[c] + (Sqrt[Pi/2]*FresnelC[(b + 2*c*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a - b~
2/ (4xc)])/Sqrt[c]

Rubi [A] time = 0.0221977, antiderivative size = 97, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 11, e -

0.273, Rules used = {3447, 3351, 3352}

T »? b+2cx T »? b+2cx
\/;sm (a—;)FresnelC(\/z_m/E) \/;cos (Q_E)S(\/z\/ﬁ)
+
Ve Ve

integrand size

Antiderivative was successfully verified.

[In] Int[Sin[a + b*x + c*x~2],x]

[Out] (Sqrt[Pi/2]*Cosl[a - b~2/(4*c)]+*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[2xPi])])/
Sqrt[c] + (Sqrt[Pi/2]*FresnelC[(b + 2*c*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a - b~
2/ (4xc)]1)/Sqrt[c]

Rule 3447

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Int[Sin[(b + 2xc*x)"2/(4*c)], x], x] - Dist[Sin[(b~2 - 4*ax*c)/
(4xc)], Int[Cos[(b + 2xc*xx)~2/(4%c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)]1)/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352
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Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, xl

Rubi steps

fsin (a+bx+cx2) dx = cos (a— Z—i) ((b+2cx)2) dx +s1n( )fcos (W) dx
el 2)s() el

Ve Ve

Mathematica [A] time = 0.0951205, size = 84, normalized size = 0.87

\/Z(sm (a - 4—)Fresne1C (\/_\/_) + cos (a bZ)S (%))

Ve

Antiderivative was successfully verified.

[In] Integrate[Sin[a + b*x + c*x~2],x]

[Out] (Sqrt[Pi/2]*(Cos[a - b~2/(4*c)]*FresnelS[(b + 2x*c*x)/(Sqrtlc]l*Sqrt[2*Pi])]
+ FresnelC[(b + 2xc*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a - b~2/(4*c)]))/Sqrt[c]

Maple [A] time = 0.007, size = 82, normalized size = 0.9

L I S I I EISE RN

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(c*x™2+b*x+a),x)

[Out] 1/2*2~(1/2)*Pi~(1/2)/c”(1/2)*(cos((1/4*xb"2-c*a)/c)*FresnelS(2"(1/2)/Pi~(1/2
)/c”(1/2) % (cxx+1/2%b) )-sin((1/4*xb~2-c*a) /c) *FresnelC(2~(1/2) /Pi~(1/2)/c~(1/
2)* (cxx+1/2%b)))
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Maxima [C] time = 2.04684, size = 393, normalized size = 4.05

. 1 1 . 1 1 (1 1 (1 1
ﬁ(((—z cos (Z m + 5 arctan (0, c)) —1i cos (_Z 7 + 5 arctan (0, c)) —sin (Z m + 5 arctan (0, c)) + sin (_Z T+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a),x, algorithm="maxima")

[Out] -1/8x*sqrt(pi)*(((-Ixcos(1/4*pi + 1/2%arctan2(0, c)) - Ixcos(-1/4*pi + 1/2xa
rctan2(0, c)) - sin(1/4*pi + 1/2%arctan2(0, c)) + sin(-1/4*pi + 1/2%arctan2
(0, c)))*cos(-1/4%("2 - 4*a*xc)/c) - (cos(1/4xpi + 1/2*arctan2(0, c)) + cos
(-1/4%pi + 1/2%arctan2(0, c)) - Ixsin(1/4*pi + 1/2%arctan2(0, c)) + Ixsin(-
1/4*%pi + 1/2%arctan2(0, c)))*sin(-1/4%(b~2 - 4*axc)/c))*erf (1/2*(2*I*xc*x +
I*b)/sqrt(I*c)) + ((-Ixcos(1/4*pi + 1/2xarctan2(0, c)) - Ixcos(-1/4*pi + 1/
2*¥arctan2(0, c)) + sin(1/4*pi + 1/2*arctan2(0, c)) - sin(-1/4*xpi + 1/2xarct
an2(0, c)))*cos(-1/4*(b~2 - 4xaxc)/c) + (cos(1/4*pi + 1/2*arctan2(0, c)) +
cos(-1/4*pi + 1/2*%arctan2(0, c)) + Ixsin(1/4*pi + 1/2%arctan2(0, c)) - Ixsi
n(-1/4*pi + 1/2*%arctan2(0, c)))*sin(-1/4%(b~2 - 4x*axc)/c))*xerf (1/2*(2*I*xc*x
+ I*b)/sqrt(-Ixc)))/sqrt(abs(c))

Fricas [A] time = 1.77984, size = 279, normalized size = 2.88

- _aac\ [ V2@ex+b)y < = [ V2@ex+b) = —4ac
\/En\/;cos (_bz;i )s[ 2: ‘/;) + \/En\/;C [Z—ZJ;]sin (—%)

2c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/2%(sqrt(2)*pixsqrt(c/pi)*cos(-1/4%(b"2 - 4xa*c)/c)*fresnel_sin(1/2*sqrt(2
)*(2xc*xx + b)*sqrt(c/pi)/c) + sqrt(2)*pixsqrt(c/pi)*fresnel cos(1/2*sqrt(2)
*x(2xc*x + b)*sqrt(c/pi)/c)*sin(-1/4%(b~2 - 4*axc)/c))/c

Sympy [A] time = 0.580319, size = 88, normalized size = 0.91

(o) 232) ol 2 )
2
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sin(c*x**2+b*x+a),x)

[Out] sqrt(2)*sqrt(pi)*(sin(a - b**2/(4*c))*fresnelc(sqrt(2)*(b + 2*cxx)/(2*sqrt(
pi)*sqrt(c))) + cos(a - b*x2/(4*c))*fresnels(sqrt(2)*(b + 2xc*x)/(2*sqrt(pi

)xsqrt(c))))*sqrt(1/c)/2

Giac [C] time = 1.21581, size = 182, normalized size = 1.88

' (_ib2—4iac) _ (_ —ib2+4iac)
i\/ix/ﬁerf(—i \/§(2x+ é)(—% +1) |c|)e 4 i\/iﬁerf(—jz \/§(2x+ é)(% +1) |c|)e 4
4(—"—C + 1) Il 4 (H + 1) il

[cl

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a),x, algorithm="giac")

[Out] 1/4*I*xsqrt(2)*sqrt(pi)*erf(-1/4*sqrt(2)*(2*x + b/c)*(-I*c/abs(c) + 1)*sqrt(
abs(c)))*e” (-1/4%x(I*xb~2 - 4xIxax*xc)/c)/((-Ixc/abs(c) + 1)*sqrt(abs(c))) - 1/
4xIxsqrt (2) *sqrt (pi) *erf (-1/4*sqrt(2) *(2%x + b/c)*(I*c/abs(c) + 1)*sqrt(abs
(c)))*e”~(-1/4x(-I*b"2 + 4xIxaxc)/c)/((I*c/abs(c) + 1)*sqrt(abs(c)))
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dx

sin(a+bx+cx?
33p  [letved)

Optimal. Leaf size=21

d+ex

sin (a +bx + cxz) ]
x

Unintegrable ( T o

[Out] Unintegrable[Sin[a + bxx + c*xx72]/(d + exx), x]

Rubi [A] time = 0.0113595, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————
integrand size

*)

Rules used = {}

dx

f sin (a +bx + cxz)

d+ex

Verification is Not applicable to the result.
[In] Int[Sin[a + b*x + c*x~2]/(d + e*x),x]

[Out] Defer[Int][Sin[a + b*x + c*x"2]/(d + exx), x]

Rubi steps

dx

f sin (a + bx + cxz) f sin (a +bx + cxz)
X =
d+ex

d+ex

Mathematica [A] time = 7.65171, size = 0, normalized size = 0.

d+ex ax

f sin (a +bx + cxz)

Verification is Not applicable to the result.

[In] Integrate[Sin[a + b*x + c*x72]/(d + e*x),x]

[Out] Integrate[Sin[a + b*x + c*x"2]/(d + exx), x]
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Maple [A] time = 0.115, size = 0, normalized size = 0.

dx

f sin (cx2 +bx + a)

ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(c*x"2+b*x+a)/(e*xx+d) ,x)

[Out] int(sin(c*x~2+b*x+a)/(e*xx+d) ,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

sin (cx2 + bx + a)
f dx
ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)/(e*x+d),x, algorithm="maxima"

[Out] integrate(sin(c*x™2 + b*x + a)/(e*x + d), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

sin (cx2 +bx + a) ]

int 1
integra [ i d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)/(e*x+d),x, algorithm="fricas")

[Out] integral(sin(c*x”™2 + b*x + a)/(exx + d), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

sin (a +bx + cxz)
f dx
d+ex
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(cxx**2+b*x+a)/(e*x+d) ,x)

[Out] Integral(sin(a + b*x + cxx**2)/(d + e*x), x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

f sin (cx2 +bx + a)

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)/(e*x+d),x, algorithm="giac")

[Out] integrate(sin(c*x™2 + b*x + a)/(e*x + d), x)
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3.33 f (d + ex)? sin® (a + bx + cx2) dx

Optimal. Leaf size=291

Ve Veyn
1652 1652 16¢3/2

2 2
v/ cos (Za - %) (2cd — be)*FresnelC (mﬂ) \/msin (Za - %) (2cd — be)?S (b+zcx) \/me? sin (211 - z—i) FresnelC
- + +

[Out] (d + exx)~3/(6xe) - ((2*c*d - bxe) 2xSqrt[Pi]*Cos[2xa - b~2/(2%c)]*FresnelC
[(b + 2xc*x)/(Sqrt[cl*Sqrt[Pi])])/(16%c~(5/2)) + (e~2xSqrt[Pi]*Cos[2*a - b~

2/ (2xc)]*FresnelS[(b + 2*c*x)/(Sqrtlcl*Sqrt[Pi])])/(16%c~(3/2)) + (e~2*Sqrt
[Pi]*FresnelC[(b + 2x*c*x)/(Sqrt[cl*Sqrt[Pi])]*Sin[2*a - b~2/(2*c)])/(16%c~(

3/2)) + ((2xc*d - b*e) 2xSqrt[Pi]*FresnelS[(b + 2xc*x)/(Sqrt[c]*Sqrt[Pi])]*
Sin[2*a - b72/(2xc)])/(16*%c™(5/2)) - (e*x(2xcxd - bxe)*Sin[2%a + 2%b*x + 2%c
*x72])/(16%c™2) - (ex(d + exx)*Sin[2%a + 2*bxx + 2xc*x~2])/(8%c)

Rubi [A] time = 0.337417, antiderivative size = 291, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 7, integrand size = 21, number of rules _

0.333, Rules used = {3467, 3464, 3447, 3351, 3352, 3462, 3448}

integrand size

b? b+2 . b? b+2 . b?
) v/ cos (Za - Z) (2cd — be)*FresnelC (\/;\C/;) X \/msin (Za -~ Z) (2cd — be)?S (‘/;\/C;) . \/me? sin (211 -~ Z) FresnelC

16¢5/2 16¢5/2 16c3/2

Antiderivative was successfully verified.

[In] Int[(d + exx)~2%Sin[a + b*x + c*xx~2]72,x]

[Out] (d + e*x)~3/(6xe) - ((2*c*d - bxe) 2xSqrt[Pi]*Cos[2xa - b~2/(2*c)]*FresnelC
[(b + 2xc*x)/(Sqrtcl*Sqrt[Pi])])/(16%c~(5/2)) + (e~2xSqrt[Pi]*Cos[2*a - b~

2/ (2xc)]*FresnelS[(b + 2*cx*x)/(Sqrtlcl*Sqrt[Pi])])/(16*c~(3/2)) + (e~2%Sqrt
[Pi]*FresnelC[(b + 2x*c*x)/(Sqrt[cl*Sqrt[Pi])]*Sin[2*a - b~2/(2*c)])/(16%c~(

3/2)) + ((2*c*d - b*e) " 2xSqrt[Pil*FresnelS[(b + 2*c*x)/(Sqrt[c]l*Sqrt[Pi])]*
Sin[2*a - b72/(2xc)])/(16%c™(5/2)) - (ex(2%c*d - bke)*Sin[2%a + 2xb*x + 2%c
*x72])/(16%c™2) - (ex(d + exx)*Sin[2%a + 2%b*x + 2*c*x"2])/(8%c)

Rule 3467

Int[((d_.) + (e_)*(x_)) " (m_.)*Sin[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]"(n_),
x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sin[a + b*x + c*x72]"n, x],
x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]



169

Rule 3464

Int[Cos[(a_.) + (b_)*(x_) + (c_)*(x_)72]*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[(ex(d + exx)"(m - 1)*Sin[a + b*x + c*x72])/(2%c), x] + (-Dist[
(e”2x(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Sin[a + b*x + c*xx~2], x], x] - D
ist[(b*e - 2%c*d)/(2*c), Int[(d + e*xx) " (m - 1)*Cos[a + b*x + c*x72], x], x]
) /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2%cxd, 0] && GtQ[m, 1]

Rule 3447

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4*c)], Int[Sin[(b + 2%c*x)~2/(4*xc)], x], x] - Dist[Sin[(b~2 - 4xaxc)/
(4%c)], Int[Cos[(b + 2%c*xx)~2/(4xc)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]1*(e + fxx)])/(f*Rt[d, 21), x] /; FreeQ[{d, e, £}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]+*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]1*(e + fxx)])/(f*Rt[d, 21), x] /; FreeQ[{d, e, £}, x]

Rule 3462

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[(e*Sin[a + b*x + c*x72])/(2%c), x] + Dist[(2%c*d - bxe)/(2*c), Int[
Cos[a + b*x + cxx72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2%c*d - bx
e, 0]

Rule 3448

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4xc)], Int[Cos[(b + 2%cxx)~2/(4*xc)], x], x] + Dist[Sin[(b"2 - 4x*xaxc)/
(4xc)], Int[Sin[(b + 2xcxx)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rubi steps
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1 1
f(d + ex)? sin’ (u +bx + cxz) dx = f (E(d + ex)? - E(d + ex)? cos (211 +2bx + ZCXZ)) dx

d+ex)® 1
_dte) 1 (d + ex)? cos (Za +2bx + 2sz) dx
6e 2
_(d+ex)®  e(d+ex)sin (2a +2bx + 2cx2) N ¢? [sin (Za +2bx + 2cx2) dx  (2ca
- 6e 8c 8c
_ (d+ex)®  e(2cd - be)sin (2a +2bx + 2cx2) e(d + ex) sin (Za +2bx + 2cx2) (
o 6e 16¢2 8¢
¥ b+2cx b+2cx\ . b2
(d + ex)? %4/ cos (Zzz - E) S (W) e?/nC (W) sin (Za - Z) e(2cd -
= + + -
6e 16¢3/2 16¢3/2
2 E b+2cx > _ E b+2cx
C@drer) (2cd — be) \/Ecos(Za— 2c)C(\/E\/E) . e?y/1t cos (Za 2c)5(_\/5\/%) .
T 6e 16¢5/2 16¢3/2

Mathematica [A] time = 1.18987, size = 215, normalized size = 0.74

2 2 2
—3+/rFresnelC (f;;f/;) (cos (2a - %) (be — 2cd)? — ce? sin (Za - %)) +34/1tS (f/;i/cg) (sin (Za - %) (be — 2cd)? + ce? c
48512

Antiderivative was successfully verified.

[In] Integratel[(d + exx)"2+Sin[a + b*x + c*x72]72,x]

[Out] (-3*Sqrt[Pi]*FresnelC[(b + 2*c*x)/(Sqrt[c]l*Sqrt[Pi])]*((-2*c*d + b*e) 2*Cos
[2%a - b~2/(2%c)] - c*e”2xSin[2*a - b~2/(2xc)]) + 3*Sqrt[Pi]*FresnelS[(b +
2xcxx) / (Sqrt [c]*Sqrt [Pi])I*x(c*xe”2xCos[2%xa - b~2/(2*c)] + (-2*cxd + bxe) ~2*S
in[2%xa - b72/(2xc)]) + Sqrtlcl*(8*c™2*xx*(3*d"2 + 3xd*e*x + e72*x"2) - 3xex*(

4xckd - bkxe + 2xckxexx)*Sin[2x(a + xx(b + c*x))]))/(48%c~(5/2))

Maple [A] time = 0.017, size = 378, normalized size = 1.3

NG

e?xsin (2cx? + 2bx +2a)  o2p (sin(2cx® +2bx +2a)  paf —dca+ B2 2ex+b 1 _
- ( ) + ¢ ( )— I CoS «“ FresnelC o +sin [ —
8c 4c 4c 4 2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) "2xsin(c*x~2+b*x+a) " 2,x)
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[Out] -1/8%e”2/cxx*sin(2*c*x~2+2%b*x+2%a)+1/4*xe”2xb/cx (1/4*sin (2*c*x™2+2*xb*xx+2%a)
/c=1/4%b/c”(3/2)*Pi~(1/2)*(cos (1/2* (-4*a*c+b~2) /c)*FresnelC((2*c*x+b) /c~(1/
2)/Pi~(1/2))+sin(1/2*(-4*a*xc+b~2) /c) *FresnelS((2*xc*xx+b) /c~(1/2) /Pi~(1/2))))
+1/16*%e”2/c”(3/2)*Pi~(1/2) *(cos (1/2* (-4*a*xc+b~2) /c) *FresnelS ((2*c*x+b)/c~ (1
/2)/Pi~(1/2))-sin(1/2* (-4*a*xc+b~2) /c) *FresnelC((2*c*x+b) /c~(1/2)/Pi~(1/2)))
-1/4*d*e/c*sin(2*xcxx™2+2xbxx+2%a)+1/4*d*e*xb/c” (3/2)*Pi~ (1/2)*x(cos (1/2* (-4*a
*c+b~2) /c) *FresnelC((2*xc*x+b) /c~(1/2) /Pi~(1/2))+sin(1/2*(-4*a*xc+b~2) /c)*Fre
snelS((2*c*x+b) /c~(1/2)/Pi~(1/2)))-1/4%Pi~(1/2)/c”(1/2)*d"2x (cos (1/2* (—4*ax*
c+b”~2) /c)*¥FresnelC((2*c*x+b) /c~(1/2) /Pi~(1/2))+sin(1/2*(-4*a*xc+b~2) /c) *Fres
nelS((2xcxx+b) /c~(1/2)/Pi~(1/2)))+1/2*%x"2xd*e+1/2*%d"2xx+1/6*x"3*e”2

Maxima [C] time = 3.79014, size = 6030, normalized size = 20.72

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) “2*sin(cxx~2+b*x+a)~2,x, algorithm="maxima")

[Out] -1/32*%(sqrt(2)*sqrt(pi)*(((cos(1/4xpi + 1/2*arctan2(0, c)) + cos(-1/4*pi +
1/2*%arctan2(0, c)) - I*sin(1/4*pi + 1/2*arctan2(0, c)) + Ixsin(-1/4x*pi + 1/
2*¥arctan2(0, c)))*cos(-1/2%(b~2 - 4*axc)/c) - (I*cos(1/4xpi + 1/2*arctan2(0
, €)) + Ixcos(-1/4xpi + 1/2%arctan2(0, c)) + sin(1/4*pi + 1/2*arctan2(0, c)
) - sin(-1/4*pi + 1/2*arctan2(0, c)))*sin(-1/2*(b~2 - 4xax*xc)/c))*erf ((2xIx*c
*x + Ixb)/sqrt(2*I*c)) - ((cos(1/4*pi + 1/2xarctan2(0, c)) + cos(-1/4xpi +
1/2*%arctan2(0, c)) + Ixsin(1/4*pi + 1/2*arctan2(0, c)) - Ixsin(-1/4x*pi + 1/
2*¥arctan2(0, c)))*cos(-1/2%(b~2 - 4*axc)/c) + (I*cos(1/4xpi + 1/2*arctan2(0
, €)) + Ixcos(-1/4xpi + 1/2%arctan2(0, c)) - sin(1/4*pi + 1/2*arctan2(0, c)
) + sin(-1/4*pi + 1/2*%arctan2(0, c)))*sin(-1/2*(b~2 - 4xax*xc)/c))*erf ((2xIx*c
xx + Ixb)/sqrt(-2xIxc)))*sqrt(abs(c)) - 16*x*abs(c))*d~2/abs(c) + 1/16%sqrt
(2)*x(sqrt (2) * (4*c™2xx72 + cx(I*xe” (1/2%(4*xI*c™2xx"2 + 4*Ixb*c*xx + I*xb~2)/c)
- Ixe”(-1/2%(4xIxc™2%x"2 + 4xIxbkckx + I*b~2)/c))*cos(-1/2%(b"2 - 4xaxc)/c)
- cx(e7(1/2%(4*I*c™2%xx"2 + 4*Ixbxckx + I*b72)/c) + e (-1/2%(4*I*c™2%x"2 +
4xIxb*xcxx + Ixb~2)/c))*sin(-1/2*%(b"2 - 4*axc)/c))*sqrt ((4*c™2*x"2 + 4xbkcx*x
+ b~2)/abs(c)) + ((sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*c”~2xx"2 + 4*Ixb*c*xx +
I¥b"2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c~2*%x"2 + 4xI*bxc*x +
I¥b~2)/c)) - 1))*b~2*cos(-1/2%x(b"2 - 4xax*xc)/c) + (-Ixsqrt(pi)*(erf(sqrt(1/
2) *sqrt ((4xI*c™2%x72 + 4*xIxb*cxx + Ixb~2)/c)) - 1) + I*sqrt(pi)*(erf(sqrt(l
/2)*sqrt (- (4xI*c™2*x"2 + 4xI*bxc*xx + I*b~2)/c)) - 1))*b"2*sin(-1/2x(b"2 - 4
xaxc)/c) + (2x(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c™2%x"2 + 4xIxbkcxx + I*b~
2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2%x"2 + 4xIxbkcxx + I*b~
2)/c)) - 1))*bkxcxcos(-1/2*%(b"2 - 4*axc)/c) + (-2*Ixsqrt(pi)*(erf(sqrt(1/2)*
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sqrt ((4xI*c™2xx"2 + 4*xIxb*ckxx + I*b~2)/c)) - 1) + 2*Ixsqrt(pi)*(erf(sqrt(1/
2) *sqrt (- (4%Ixc~2%x"2 + 4*Ixb*c*xx + I*b~2)/c)) - 1))*bkcxsin(-1/2%(b"2 - 4x
axc)/c))*x)*cos(1l/2*arctan2 (2% (4*c™2xx"2 + 4*bxc*x + b~2)/c, 0)) + ((-I*sqr
t(pi)*(erf (sqrt(1/2) *sqrt ((4*xI*c™2%x"2 + 4*xIxb*cxx + I*b~2)/c)) - 1) + Ix*sq
rt(pi)*(erf(sqrt(1/2)*sqrt (- (4*xI*c™2%x"2 + 4xIxb*cxx + I*xb~2)/c)) - 1))*b~2
xcos(-1/2%(b™2 - 4x*axc)/c) - (sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*xc™2*xx"2 + 4
xIxb*xcxx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c™2*xx"2 + 4
xI*xbxcxx + I*¥b72)/c)) - 1))*b~2*sin(-1/2%x(b"2 - 4xax*xc)/c) + ((-2*Ixsqrt(pi)
x(erf (sqrt(1/2) *sqrt ((4*xI*c™2%x"2 + 4*xIxb*cxx + I*b~2)/c)) - 1) + 2*Ixsqrt(
pi)*(erf (sqrt(1/2)*sqrt (- (4*I*c™2*x"2 + 4xIxbkxc*x + I*b~2)/c)) - 1))*bx*c*co
s(-1/2x(b~2 - 4xaxc)/c) - 2x(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c™2%x"2 + 4%
Ixb*xcxx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c™2*xx"2 + 4%
I*¥bxc*xx + I*b72)/c)) - 1))*b*cksin(-1/2%x(b~2 - 4xa*xc)/c))*x)*sin(1/2*arctan
2(2% (4%c™2xx72 + 4*bxc*x + b72)/c, 0)))*d*xe/(c”2*sqrt ((4*xc™2*x"2 + 4*b*xc*x
+ b72)/abs(c))) + 1/192%sqrt(2)*(2xsqrt(2)*(8*c~3*x"3*abs(c) - bxc*(3*xI*xe”(
1/2% (4*%I*c™2%x72 + 4*Ixb*c*x + I*b72)/c) - 3xIxe”(-1/2%(4*I*c™2%x"2 + 4*I*Db
*xc*xx + I*b~2)/c))*abs(c)*cos(-1/2%x(b~2 - 4*axc)/c) + 3xbkxck(e”(1/2%(4xI*c”2
*X"2 + 4xIxbxckx + I*b72)/c) + e7(-1/2%(4*I*c™2%x"2 + 4*I*xbxcxx + I*b72)/c)
)*abs(c)*sin(-1/2*%(b"2 - 4xaxc)/c))*((4xc™2xx"2 + 4xb*xcxx + b~2)/abs(c))~(3
/2) + (6*%b~3*(gamma (3/2, 1/2%(4*I*c”2*%x"2 + 4xI*xbxc*x + I*b~2)/c) + gamma(3
/2, —1/2%(4xI*c”2%x"2 + 4xIxbxcxx + I*b~2)/c))*abs(c)*cos(-1/2%x(b"2 - 4xaxc
)/c) - b 3*(6xI*gamma(3/2, 1/2%(4*I*c™2xx"2 + 4xIxbkxc*x + I*b~2)/c) - 6*Ixg
amma (3/2, -1/2%(4xI*c”2%x"2 + 4*I*bkcxx + I*b72)/c))*abs(c)*sin(-1/2%(b"2 -
4xaxc)/c) + (48xc”3*x(gamma(3/2, 1/2%x(4*xI*c”2xx"2 + 4*xIxb*c*xx + I*b~2)/c) +
gamma (3/2, -1/2%(4xI*c”2xx"2 + 4*xIxb*c*xx + I*b~2)/c))*abs(c)*cos(-1/2%(b"2
- 4xaxc)/c) - c~3x(48xIxgamma(3/2, 1/2*%(4*xIxc”2xx"2 + 4*xIxb*xc*xx + I*b~2)/c
) - 48xIxgamma(3/2, -1/2%(4*Ixc”2*x"2 + 4*Ixb*c*x + I*b~2)/c))*abs(c)*sin(-
1/2% (b2 - 4xaxc)/c))*x"3 + (72xb*c™2*(gamma(3/2, 1/2%(4*I*c™2%x"2 + 4*I*bx
cxx + I*b~2)/c) + gamma(3/2, -1/2%x(4*xI*c”2xx"2 + 4*xIxb*ckxx + I*b~2)/c))*abs
(c)*xcos(-1/2%(b~2 - 4*axc)/c) - bxc ™ 2x(72*Ixgamma(3/2, 1/2%(4*I*c™2*x"2 + 4
xIxbxcxx + I*¥b72)/c) - 72*Ixgamma(3/2, -1/2x(4xI*c™2%x"2 + 4xIxbkxcxx + I*b~
2)/c))*abs(c)*sin(-1/2%x(b72 - 4*a*xc)/c))*x"2 + (36%b"2xc*(gamma(3/2, 1/2%(4
xI*Cc72%x72 + 4xIxbkxcxx + I*b~2)/c) + gamma(3/2, -1/2%(4*I*c™2*x"2 + 4*I*b*c
xx + Ixb~2)/c))*abs(c)*cos(-1/2%(b"2 - 4*axc)/c) - b~2*cx(36%I*gamma(3/2, 1
/2% (4*%IxCc™2%x"2 + 4xI*bxc*x + I*b~2)/c) - 36*%Ixgamma(3/2, -1/2x(4*I*c™2%x"2
+ 4xIxbxc*xx + I*b~2)/c))*abs(c)*sin(-1/2%(b~2 - 4*axc)/c))*x)*cos(3/2*arct
an2 (2% (4*xc™2xx"2 + 4xbkxckx + b72)/c, 0)) - (3*x(sqrt(pi)*(erf(sqrt(1/2)*sqrt
((4*Ixc™2%x72 + 4*xIxbxc*x + I*b"2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(
—-(4*%Ixc™2%x"2 + 4xIxb*c*xx + I*b~2)/c)) - 1))*b~b*cos(-1/2%(b”2 - 4xaxc)/c)
+ (=3*%Ixsqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c~2*x"2 + 4xI*xbxc*x + I*b~2)/c))
- 1) + 3*Ixsqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c™2xx"2 + 4*Ixb*c*xx + I*b~2)/
c)) - 1))*b~5*sin(-1/2%(b"2 - 4xaxc)/c) + (24*(sqrt(pi)*(erf(sqrt(1/2)*sqrt
((4*Ixc™2%x72 + 4*xIxbxc*x + I*b"2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(
—(4*%Ixc™2%x72 + 4xIxb*c*xx + I*b~2)/c)) - 1))*b~2%c”3%cos(-1/2x(b72 - 4*a*c)
/c) + (-24xIxsqrt(pi)*(erf (sqrt(1/2)*sqrt((4*Ixc™2xx"2 + 4*I*xbxc*x + I*b~2)
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/c)) = 1) + 24xIxsqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*Ixc™2%x"2 + 4*xIxbkxc*x + I
*b~2)/c)) - 1))*b72%c”3*sin(-1/2%(b"2 - 4*axc)/c))*x"3 + (36%(sqrt(pi)*(erf
(sqrt(1/2)*sqrt ((4*Ixc~2*%x"2 + 4xI*xbxc*x + I*b~2)/c)) - 1) + sqrt(pi)*(erf(
sqrt(1/2) *sqrt (- (4*I*c™2*%x"2 + 4xI*xbxc*x + I*b~2)/c)) - 1))*b~3*c"2*cos(-1/
2%(b~2 - 4xaxc)/c) + (-36%Ixsqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*xc™2*x"2 + 4xI
xbkxckx + I*xb~2)/c)) - 1) + 36%I*xsqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2%x"2
+ 4xI*bkxckx + I*b72)/c)) - 1))*b~3*c™2*sin(-1/2%(b72 - 4*a*xc)/c))*x"2 + (18
*x(sqrt (pi)*(erf (sqrt(1/2) *sqrt ((4*xI*c”™2%x"2 + 4*xIxb*cxx + Ixb~2)/c)) - 1) +
sqrt (pi)* (erf (sqrt (1/2) *sqrt (- (4*I*c™2%x"2 + 4xIxbkxcxx + I*b~2)/c)) - 1))*
b~4xc*xcos(-1/2%(b"2 - 4xaxc)/c) + (-18xIxsqrt(pi)*(erf(sqrt(1/2)*sqrt((4*Ix
CcT2xx"2 + 4*Ixbkckx + I*b~2)/c)) - 1) + 18xIksqrt(pi)*(erf(sqrt(1/2)*sqrt(-
(4%I*c™2%x72 + 4*xIxbkckx + I*b72)/c)) - 1))*b74xcxsin(-1/2%(b72 - 4*a*xc)/c)
)*x)*cos (1/2*arctan2 (2% (4*c™2xx"2 + 4*bxc*x + b~2)/c, 0)) - (b~ 3*(6*I*gamma
(3/2, 1/2%(4*I*c™2%x72 + 4xIxbkxcxx + I*b~2)/c) - 6*xIxgamma(3/2, -1/2x(4xIx*c
T2%x72 + 4xIxbkxcxx + I*¥b72)/c))*abs(c)*cos(-1/2%x(b"2 - 4xax*xc)/c) + 6*xb”"3x*(g
amma (3/2, 1/2*%(4*I*c™2xx"2 + 4*xIxbxc*xx + I*b~2)/c) + gamma(3/2, -1/2%(4xIxc
T2%x72 + 4xIxbxckx + I*b72)/c))*abs(c)*sin(-1/2%(b72 - 4*a*xc)/c) + (c™3*(48
xI*xgamma (3/2, 1/2%(4xI*c”™2%x"2 + 4*xIxb*cxx + I*xb~2)/c) - 48xI*gamma(3/2, -1
/2% (4%I*c™2%x72 + 4*Ixb*c*x + I*b~2)/c))*abs(c)*cos(-1/2%(b"2 - 4*axc)/c) +
48*%c”3* (gamma (3/2, 1/2*%(4*xIxc”2*x"2 + 4*Ixb*c*x + I*b~2)/c) + gamma(3/2, -
1/2% (4*I*c™2%x"2 + 4*Ixb*c*x + I*b~2)/c))*abs(c)*sin(-1/2%(b~2 - 4*axc)/c))
*x”3 + (b*c™2x(72xI*gamma(3/2, 1/2%(4*I*xc”2*xx"2 + 4*Ixb*c*x + I*b~2)/c) - 7
2xIxgamma (3/2, -1/2%(4*I*c™2*x"2 + 4xI*bxc*x + I*b~2)/c))*abs(c)*cos(-1/2%(
b~2 - 4xaxc)/c) + T2*bxc”2*(gamma(3/2, 1/2%(4*xI*c”2xx"2 + 4*xIxb*cxx + Ixb~2
)/c) + gamma(3/2, -1/2%(4*I*c™2*x"2 + 4xI*bkxcxx + I*b~2)/c))*abs(c)*sin(-1/
2%(b~2 - 4xaxc)/c))*x"2 + (b"2*%cx(36*I*xgamma(3/2, 1/2%(4xI*c”2%x"2 + 4*I*bx
ckx + I*b72)/c) - 36%Ixgamma(3/2, -1/2%(4*I*c™2*x"2 + 4xI*bxc*x + I*b~2)/c)
)*abs(c)*cos(-1/2%x(b~2 - 4xaxc)/c) + 36*%b~2xc*(gamma(3/2, 1/2%(4*I*c™2xx"2
+ 4xIxbxc*x + I*b~2)/c) + gamma(3/2, -1/2%x(4*xI*c”2xx"2 + 4*xIxb*c*xx + I*b~2)
/c))*abs(c)*sin(-1/2x(b~2 - 4xa*xc)/c))*x)*sin(3/2*arctan2 (2% (4*xc™2xx"2 + 4x
bxcxx + b72)/c, 0)) - ((-3*Ixsqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*c”2*%x"2 + 4%
I*bxc*xx + I*b72)/c)) - 1) + 3xI*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2*x"2
+ 4xIxbxc*x + I*b72)/c)) - 1))*b"5*xcos(-1/2x(b"2 - 4xaxc)/c) - 3*x(sqrt(pi)x*
(erf (sqrt(1/2)*sqrt ((4*I*c™2*x"2 + 4xI*bkxc*x + I*b72)/c)) - 1) + sqrt(pi)*(
erf (sqrt(1/2)*sqrt (- (4*I*c™2*x"2 + 4xI*bkxcxx + I*b~2)/c)) - 1))*b~5b*sin(-1/
2% (b"2 - 4xaxc)/c) + ((-24xI*xsqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*c™2xx"2 + 4x
Ixb*cxx + I*b~2)/c)) - 1) + 24xIxsqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2xx"2
+ 4xIxbxc*x + I*b72)/c)) - 1))*b~2xc"3*cos(-1/2%x(b"2 - 4xax*xc)/c) - 24x(sqr
t(pi)*(erf (sqrt(1/2) *sqrt ((4*xI*c™2%x"2 + 4*xIxb*cxx + I*xb~2)/c)) - 1) + sqrt
(pi)*(erf (sqrt(1/2)*sqrt (- (4*I*c™2*x"2 + 4xI*bxc*x + I*b72)/c)) - 1))*b~2x*c
“3*sin(-1/2*% (b2 - 4xaxc)/c))*x"3 + ((-36*I*xsqrt(pi)*(erf(sqrt(1/2)*sqrt((4
*xI*xc72%x72 + 4xI*bkxcxx + I*b~2)/c)) - 1) + 36%I*xsqrt(pi)*(erf(sqrt(1/2)*sqr
t (- (4*%I*c™2%x72 + 4*xIxbkckx + I*b72)/c)) - 1))*b73xc™2xcos(-1/2%(b72 - 4*ax
c)/c) - 36x(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*c”™2%xx"2 + 4*Ixb*c*xx + I*b~2)/
c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c™2%x"2 + 4*Ixb*c*xx + I*b~2)/
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c)) - 1))xb73*c"2*sin(-1/2%(b"2 - 4xa*xc)/c))*x"2 + ((-18*I*sqrt(pi)*(erf(sq
rt(1/2)*sqrt ((4*Ixc™2%xx"2 + 4*Ixb*c*x + I*b~2)/c)) - 1) + 18xI*sqrt(pi)*(er
f(sqrt(1/2)*sqrt (- (4*I*c™2%x72 + 4xIxbkxcxx + I*b~2)/c)) - 1))*b~4*c*xcos(-1/
2% (b"2 - 4xaxc)/c) - 18x(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*c™2%x"2 + 4*xIxbx*
cxx + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*xc™2%xx"2 + 4*I*xbx
cxx + I*¥b72)/c)) - 1))*b~4*xc*sin(-1/2%(b"2 - 4*a*xc)/c))*x)*sin(1/2*arctan2(
2% (A*c™2*x"2 + 4dxbxc*x + b72)/c, 0)))*e”2/(c” 3% ((4*c™2*x"2 + 4xb*xc*xx + b~2)
/abs(c))~(3/2)*abs(c))

Fricas [A] time = 1.71046, size = 608, normalized size = 2.09

VP—4ac
2¢

8c3e%x3 + 24 Pdex? + 24 3d%x — 6 (2 c2e?x + 4 c?de — bcez) cos (cx2 + bx + a) sin (cx2 + bx + a) +3 (nce2 sin (—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*sin(c*x~2+b*x+a)”2,x, algorithm="fricas")

[Out] 1/48%(8%c™3%e™2%x™3 + 24*c™3xd*exx™2 + 24*c™3%d"2%x - 6%(2%c™2%e™2%x + 4*c”
2xd*xe - bxcke"2)*cos(c*x”2 + b*x + a)*sin(cxx”2 + b*x + a) + 3*x(pixc*e”2xsi
n(-1/2%(b"2 - 4xaxc)/c) - pix(4xc™2xd"2 - 4xbkxcxd*e + b~2xe”2)*cos(-1/2x(b~

2 - 4xaxc)/c))*sqrt(c/pi)*fresnel_cos((2*c*x + b)*sqrt(c/pi)/c) + 3*x(pixcxe
~“2%cos(-1/2x(b"2 - 4xaxc)/c) + pi*(4xc”™2%d"2 - 4xb*cxd*e + b"2xe”2)*sin(-1/

2% (b"2 - 4xaxc)/c))*sqrt(c/pi)*fresnel sin((2*c*x + b)*sqrt(c/pi)/c))/c”3

Sympy [F] time = 0., size = 0, normalized size = 0.

f (d + ex)* sin? (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**2*sin(c*x**2+b*x+a)**2,x)

[Out] Integral((d + exx)**2xsin(a + b*x + cxX**2)**2, Xx)
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Giac [C] time = 1.34886, size = 726, normalized size = 2.49

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2*sin(c*x~2+b*x+a)”2,x, algorithm="giac")

[Out] 1/6*x"3*%e”2 + 1/2xd*x"2%e + 1/2xd"2*x + 1/8*sqrt(pi)*d~2*erf (-1/2*sqrt(c)*(
2%x + b/c)*(-I*xc/abs(c) + 1))*e”(-1/2%(I*b"2 - 4x*I*xa*xc)/c)/(sqrt(c)*(-Ixc/a
bs(c) + 1)) + 1/8*sqrt(pi)*d~2*erf(-1/2*sqrt(c)*(2*x + b/c)*(I*c/abs(c) + 1
))*e” (-1/2%x(-I*¥b~2 + 4xI*axc)/c)/(sqrt(c)*(I*c/abs(c) + 1)) - 1/8x(sqrt(pi)
xb*xdxerf (-1/2xsqrt(c)*(2*xx + b/c)*(-I*xc/abs(c) + 1))*e”(-1/2*x(I*b"2 - 4*Ixa
xc - 2xc)/c)/(sqrt(c)*(-Ixc/abs(c) + 1)) - Ixdxe” (2xI*kc*xx"2 + 2%Ixbxx + 2*I
xa + 1))/c - 1/8*(sqrt(pi)*b*xd*xerf (-1/2*sqrt(c)*(2*x + b/c)*(I*c/abs(c) + 1
))*e” (-1/2%x(-I*¥b~2 + 4xI*axc - 2xc)/c)/(sqrt(c)*(I*c/abs(c) + 1)) + Ixdxe™(
-2xI*c*x”2 - 2%I*b*x - 2xIxa + 1))/c - 1/32*%((cx(-2%I*x - Ixb/c) + 2%Ix*Db)*e
T(2xI*cxx"2 + 2%Ixbxx + 2*Ixa + 2) - sqrt(pi)*(b~2 + Ikc)*erf(-1/2xsqrt(c)*
(2%x + b/c)*(-I*c/abs(c) + 1))*e~(-1/2%(I*¥b"2 - 4xIxaxc - 4*c)/c)/(sqrt(c)*
(-Ixc/abs(c) + 1)))/c”2 - 1/32x((c*x(2xI*x + I*b/c) - 2%Ixb)xe” (-2%I*cxx"2 -
2xIxb*xx — 2xIxa + 2) - sqrt(pi)*(b™2 - Ixc)xerf(-1/2*sqrt(c)*(2xx + b/c)*(
I*xc/abs(c) + 1))*e”(-1/2*%(-I*b~2 + 4xIxa*xc - 4*c)/c)/(sqrt(c)*(I*c/abs(c) +
1)))/c"2
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3.34 f(d + ex) sin” (a + bx + cxz) dx

Optimal. Leaf size=150

\/m cos (211 - Z—i) (2cd — be)FresnelC (}\)/J%Z\C/;) \/mtsin (Za —~ —) (2cd - be)S (i’/tf;f) esin (Za 4 obx + 2cx2) d+
- + +

8¢3/2 8c3/2 8¢

[Out] (d + e*x)~2/(4xe) - ((2%c*d - bxe)*Sqrt[Pi]*Cos[2*a - b~2/(2xc)]*FresnelC[(
b + 2xc*xx)/(Sqrtlcl*Sqrt[Pi])])/(8%c~(3/2)) + ((2%c*d - b*e)*Sqrt[Pi]*Fresn
elS[(b + 2*xcxx)/(Sqrtlc]*Sqrt[Pi])]1*Sin[2%a - b72/(2*c)]1)/(8%c”(3/2)) - (ex
Sin[2xa + 2%b*x + 2xc*x”2])/(8%c)

Rubi [A] time = 0.0933062, antiderivative size = 150, normalized size of antiderivative

. . b f rul
1., number of steps used = 6, number of rules used = 5, integrand size = 19, e

integrand size
0.263, Rules used = {3467, 3462, 3448, 3352, 3351}

4

2 b+2cx . b+2cx
\/7 cos (Za - b—) (2cd — be)FresnelC ( ) \7sin ( a-— —) (2cd - be)S ( ) esin (2a + 2bx + 2cx2
_ 2c Vive) | Vv ( ) N (d+

8¢3/2 8c3/2 8c

Antiderivative was successfully verified.

[In] Int[(d + exx)*Sinf[a + b*x + c*x~2]72,x]

[Out] (d + ex*xx)~2/(4xe) - ((2%c*xd - bxe)*Sqrt[Pi]*Cos[2*a - b~2/(2*c)]*FresnelC[(
b + 2*xc*xx)/(Sqrtlcl*Sqrt[Pi])])/(8xc~(3/2)) + ((2*c*d - b¥e)*Sqrt[Pi]*Fresn
elS[(b + 2xc*x)/(Sqrt[cl*Sqrt[Pi])]*Sin[2*a - b72/(2%c)])/(8%c~(3/2)) - (ex
Sin[2*a + 2%b*x + 2*c*x~2])/(8*c)

Rule 3467

Int[((d_.) + (e_.)*(x_))"(m_.)*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_),
x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sin[a + b*x + c*x~2]"°n, x],
x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 3462

Int[Cosl[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[(e*Sin[a + b*x + c*x72])/(2*c), x] + Dist[(2*%cxd - bxe)/(2*c), Int[
Cos[a + b*x + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*cxd - bx*
e, 0]

4
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Rule 3448

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4xc)], Int[Cos[(b + 2%c*xx)~2/(4*xc)], x], x] + Dist[Sin[(b"2 - 4x*xaxc)/
(4%c)], Int[Sin[(b + 2*c*x)"2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b2 - 4xaxc, 0]

Rule 3352
Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 21), x] /; FreeQ[{d, e, f}, xI]
Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)]1)/(fxRt[d, 21), x] /; FreeQ[{d, e, f}, xI]

Rubi steps

1 1
f(d + ex) sin? (a + bx + sz) dx = f(i(d +ex) — E(d + ex) cos (2a +2bx + Zsz)) dx

_ (d+ex)?
B 4e

1
-3 f (d + ex) cos (2a +2bx + 2cx2) dx

_ (d+ex)? esin (Za + 2bx + Zcxz) (4cd — 2be) [ cos (Za + 2bx + 2cx2) dx

4e 8c 8c

A
_(d+ex)? esin (2a + 2bx + 2cx2) ((2“1 = be) cos (Za - Z)) Jcos

(2b+4cx)?
Sk

4e 8¢ 4c

d+exp (2cd- be)+/rt cos (211 - Z—i) C (f/;i;;) (2cd — be)\rS (iz;;) sin (Za
= - +

4e 8c3/2

Mathematica [A] time = 0.437429, size = 140, normalized size = 0.93

8C3/2

T cos (211 - Z—z) (=(2cd — be))FresnelC (“2”“) + Tsin (Za - ’;—2) (2cd - be)S (’”2”‘) T \e@ex(2d + ex) — esin(2(a

Ve Veym

8¢3/2
Antiderivative was successfully verified.

[In] Integrate[(d + exx)*Sin[a + b*x + c*xx~2]72,x]



178

[Out] (-((2*cxd - b*e)*Sqrt[Pi]*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*c*x)/(Sqrtlc
1*Sqrt[Pi])]) + (2*cxd - b*e)*Sqrt[Pi]*FresnelS[(b + 2x*c*x)/(Sqrt[c]l*Sqrt[P
i])1*Sin[2*%a - b72/(2%c)] + Sqrtlc]l*(2*c*x*x(2xd + e*x) - exSin[2*(a + x*(b

+ c*x))]))/(8%c~(3/2))

Maple [A] time = 0.016, size = 170, normalized size = 1.1

esin(2cx? +2bx+2a) p 4 b2 2 b1 —4 b? 2 b1
( ) + e\/E (cos ( cat ) FresnelC ( ot —) + sin (L) FresnelS ( xrv
8c 8 2¢ VoA 2¢ Vi

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*sin(c*xx~2+b*x+a)~2,x)

[Out] -1/8*e*xsin(2*xcxx~2+2%b*x+2%*a)/c+1/8*exb/c™(3/2)*Pi~(1/2)*(cos(1/2*(-4*a*xc+b
~2)/c)*FresnelC((2xc*x+b)/c~(1/2)/Pi~(1/2))+sin(1/2* (-4*a*xc+b~2)/c) *Fresnel
S((2*%cxx+b) /c™(1/2)/Pi~(1/2)))-1/4*%Pi~(1/2)/c~(1/2) *d* (cos (1/2* (-4*a*c+b~2)
/c)*¥FresnelC((2*xc*x+b) /c~(1/2)/Pi~(1/2))+sin(1/2*(-4*a*xc+b~2) /c)*FresnelS ((
2xcxx+b) /¢~ (1/2) /Pi™(1/2)) ) +1/2*d*x+1/4*e*x~2

Maxima [C] time = 2.67835, size = 1786, normalized size = 11.91

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*sin(c*x™2+b*x+a) 2,x, algorithm="maxima")

[Out] -1/32*%(sqrt(2)*sqrt(pi)*(((cos(1/4xpi + 1/2*arctan2(0, c)) + cos(-1/4*pi +
1/2*%arctan2(0, c)) - Ixsin(1/4*pi + 1/2*arctan2(0, c)) + Ixsin(-1/4xpi + 1/
2*¥arctan2(0, c)))*cos(-1/2%(b~2 - 4*axc)/c) - (I*cos(1/4xpi + 1/2*arctan2(0
, €)) + Ixcos(-1/4xpi + 1/2%arctan2(0, c)) + sin(1/4*pi + 1/2*arctan2(0, c)
) - sin(-1/4%pi + 1/2%arctan2(0, c)))*sin(-1/2%x(b"2 - 4xax*c)/c))*erf ((2*Ix*c
xx + Ixb)/sqrt(2+I*c)) - ((cos(1/4*pi + 1/2xarctan2(0, c)) + cos(-1/4xpi +
1/2*%arctan2(0, c)) + Ixsin(1/4*pi + 1/2*arctan2(0, c)) - Ixsin(-1/4xpi + 1/
2*¥arctan2(0, c)))*cos(-1/2%(b~2 - 4*axc)/c) + (I*cos(1/4*pi + 1/2*arctan2(0
, €)) + Ixcos(-1/4xpi + 1/2%arctan2(0, c)) - sin(1/4*pi + 1/2*arctan2(0, c)
) + sin(-1/4*pi + 1/2*arctan2(0, c)))*sin(-1/2*(b~2 - 4xax*xc)/c))*erf ((2xIx*c
*xx + Ixb)/sqrt(-2xIxc)))*sqrt(abs(c)) - 16x*x*abs(c))*d/abs(c) + 1/32*sqrt(2
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)k (sqrt(2)*x (4*xc™2%x72 + cx(I*xe” (1/2%x(4*Ixc™2xx"2 + 4*xIxbkxc*x + I*b~2)/c) -

Ixe™ (-1/2%(4*I*c™2%x"2 + 4*I*b*ckx + I*b72)/c))*cos(-1/2%(b"2 - 4*a*c)/c) -
ck(e7(1/2% (4*%I*c™2%x"2 + 4*xI*bkckx + I*b72)/c) + e7(-1/2%(4xI*c™2%xx"2 + 4%
I*xbxc*xx + I*b72)/c))*sin(-1/2x(b~2 - 4xa*xc)/c))*sqrt((4*xc™2*xx"2 + 4xbkcxx +
b~2)/abs(c)) + ((sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*c™2%x"2 + 4xIxb*cxx + I
*b"2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*Ixc™2%x"2 + 4*xIxbkxc*x + I
*b~2)/c)) - 1))*b~2%cos(-1/2*%(b"2 - 4xaxc)/c) + (-Ixsqrt(pi)*(erf(sqrt(1/2)
xsqrt ((4*Ixc™2*%x"2 + 4*Ixbxc*x + I*b~2)/c)) - 1) + Ixsqrt(pi)*(erf(sqrt(1/2
)*sqrt (- (4%I*c™2%xx"2 + 4*xIxb*c*xx + I*b~2)/c)) - 1))*b"2xsin(-1/2%(b"2 - 4*a
xc)/c) + (2x(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*Ixc™2*xx"2 + 4*I*xbxc*x + I*b~2)
/c)) = 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*Ixc™2%x"2 + 4*Ixbkxc*x + I*b~2)
/c)) = 1))xbxckxcos(-1/2x(b~2 - 4xa*xc)/c) + (-2xIxsqrt(pi)*(erf(sqrt(1/2)*sq
rt ((4%Ixc™2%x"2 + 4*Ixb*c*x + I*b~2)/c)) - 1) + 2*I*xsqrt(pi)*(erf(sqrt(1/2)
xsqQrt (- (4*I*c™2%x72 + 4xI*bxcxx + I*b72)/c)) - 1))*b*cksin(-1/2%x(b~2 - 4xax
c)/c))*x)xcos(1/2*%arctan2 (2% (4*c~2*x"2 + 4xb*xc*xx + b~2)/c, 0)) + ((~I*sqrt(
pi)*(erf (sqrt(1/2)*sqrt ((4*I*c™2*x~2 + 4xI*xbxc*x + I*b~2)/c)) - 1) + Ixsqrt
(pi)*(erf (sqrt(1/2)*sqrt (- (4*Ixc™2%x72 + 4*xIxbkxc*xx + I*b72)/c)) - 1))*b"2x*c
0s(-1/2x(b"2 - 4xax*xc)/c) - (sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*c™2%x"2 + 4x*I
xb*xcxx + Ixb~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c™2%x"2 + 4x%I
xb*xcxx + Ixb72)/c)) - 1))*b"2%sin(-1/2*%(b"2 - 4*axc)/c) + ((-2xI*sqrt(pi)*(
erf (sqrt(1/2)*sqrt ((4*Ixc~2*x~2 + 4*Ixb*c*x + I*b~2)/c)) - 1) + 2*I*xsqrt(pi
)*(erf (sqrt(1/2) *sqrt (- (4xI*c™2*x"2 + 4*Ixb*cxx + I*b~2)/c)) - 1))*b*xc*cos(
-1/2%x(b"2 - 4xax*xc)/c) - 2*(sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c™2*%x"2 + 4*Ix
bxc*x + I*b~2)/c)) - 1) + sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2%xx"2 + 4*Ix
bxc*kx + I*b~2)/c)) - 1))*b*cxsin(-1/2%(b~2 - 4*axc)/c))*x)*sin(1l/2*arctan2(
2% (4*c™2*%x72 + 4dxb*xcxx + b~2)/c, 0)))*e/(c™2xsqrt((4*c™2xx"2 + 4xbxc*x + b~
2)/abs(c)))

Fricas [A] time = 1.53868, size = 369, normalized size = 2.46

2_ Qcx+b){= Qcx+b)y/= 2_
Zﬁag—neaﬁ%@vgaﬁ(ﬁZ?ﬂC{ mcJ;}+MZM—b@JES[;iTJZ}m%—Kﬁf)+&%ﬂ—2wca

8c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sin(c*x~2+b*x+a) 2,x, algorithm="fricas")

[Out] 1/8%(2*c™2%e*xx"2 - pix(2*c*d - b*e)*sqrt(c/pi)*cos(-1/2%x(b"2 - 4xax*c)/c)*fr
esnel cos((2*c*xx + b)*sqrt(c/pi)/c) + pix(2xc*d - b*e)*sqrt(c/pi)*fresnel_s
in((2%c*x + b)*sqrt(c/pi)/c)*sin(-1/2*% (b2 - 4*axc)/c) + 4xc™2xd*x - 2*ckex
cos(c*x™2 + b*x + a)*sin(c*x™2 + bxx + a))/c”2
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (d + ex) sin? (u +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sin(ckx**2+b*x+a)**2,x)

[Out] Integral((d + e*xx)*sin(a + b*x + cxx**2)*x2, x)

Giac [C] time = 1.24996, size = 410, normalized size = 2.73

_ivPdiac ~ —ib2+4iuc) Vrberf

lxzﬁldﬂﬁderf(_;ﬁ(mg)(_gﬂ))e( : )ﬁderf(_;ﬁ(zﬁg)(gﬂ))e( .

47 2 8 \/E(—% + 1) 8 \ﬁ(ﬁ + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sin(c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/4*x"2%e + 1/2xd*x + 1/8%sqrt(pi)*d*erf (-1/2*%sqrt(c)*(2*x + b/c)*(-I*c/abs
(c) + 1))*e”(-1/2%(I*b~2 - 4xIxaxc)/c)/(sqrt(c)*(-I*c/abs(c) + 1)) + 1/8%sq
rt(pi)*d*xerf (-1/2xsqrt(c)*(2xx + b/c)*(Ixc/abs(c) + 1))*e~(-1/2+x(-I*b"2 + 4
xIxaxc)/c)/(sqrt(c)*(Ixc/abs(c) + 1)) - 1/16x(sqrt(pi)*bxerf (-1/2*sqrt(c)*(

2%x + b/c)*(-I*xc/abs(c) + 1))*e~(-1/2x(I*b"2 - 4*I*xa*xc - 2*c)/c)/(sqrt(c)*(
-Ixc/abs(c) + 1)) - Ixe”(2xI*kc*x™2 + 2xI*b*x + 2xI*a + 1))/c - 1/16x(sqrt(p
i)*bkxerf (-1/2*xsqrt(c) *(2*x + b/c)*(Ixc/abs(c) + 1))*e”(-1/2x(-I*b"2 + 4xIx*a

xc - 2xc)/c)/(sqrt(c)*(I*xc/abs(c) + 1)) + Ixe” (-2%I*cxx"2 - 2*%Ixb*x - 2*I*a

+ 1)) /c
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3.35 fsinz (a + bx + cxz) dx

Optimal. Leaf size=100

v/ cos (211 - )FresnelC (f;_zf;) \/msin (2a - z—i) S (%) X
4+Jc 4yc "2

[Out] x/2 - (Sqrt[Pil*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt[Pi]
)1)/(4xSqrtc]) + (Sqrt[Pi]*FresnelS[(b + 2%cx*x)/(Sqrt[c]l*Sqrt[Pi])]=*Sin[2*
a - b™2/(2xc)])/(4*xSqrtlcl)

Rubi [A] time = 0.0484573, antiderivative size = 100, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 13, LT

0.308, Rules used = {3449, 3448, 3352, 3351}

\/m cos (2a -~ —) FresnelC (57_2\75) Vrsin (Za - z_i) S (%) x
] ki 7 "3

integrand size

Antiderivative was successfully verified.

[In] Int[Sin[a + b*x + c*xx~2]72,x]

[Out] x/2 - (Sqrt[Pil*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*cxx)/(Sqrt[c]*Sqrt[Pi]
)1)/(4xSqrtc]) + (Sqrt[Pi]*FresnelS[(b + 2*cxx)/(Sqrt[c]l*Sqrt[Pi])]*Sin[2%
a - b~2/(2xc)])/(4*xSqrt[cl)

Rule 3449

Int[Sin[(a_.) + (b_)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTri
gReduce[Sin[a + b*x + c*x72]7°n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n, 1]

Rule 3448

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4x
axc)/(4*c)], Int[Cos[(b + 2xc*x)"2/(4*c)], x], x] + Dist[Sin[(b~2 - 4*ax*c)/
(4%c)], Int[Sin[(b + 2%c*x)"2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b2 - 4xaxc, 0]

Rule 3352
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Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, xl

Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)])/(fxRt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps

fsin2 (a + bx + cxz) dx = f (1 - 1 cos (211 + 2bx + 20x2)) dx
2

2
x 1
=55 fcos (Za +2bx + 2cx2) dx
x 1 b? (2b + 4cx)? 1 . b? . [ (b + 4cx)?
=5" Ecos(Za— z—c)fCOS(T) dx + Esm(Za— Z)ISID(T) dx
oo Dels) voime-
T2 4+Jc ’ 44/

Mathematica [A] time = 0.0728906, size = 97, normalized size = 0.97

—/1t cos (Za - Z—i) FresnelC (%) +4/msin (Za - l;—i) S (%) + 2+/cx
4y

Antiderivative was successfully verified.

[In] Integrate[Sin[a + b*x + c*xx~2]72,x]

[Out] (2xSqrtl[cl*x - Sqrt[Pi]*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*
Sqrt[Pi])] + Sqrt[Pil]*FresnelS[(b + 2xc*x)/(Sqrt[c]l*Sqrt[Pi])]*Sin[2*a - b~
2/(2xc)])/(4xSqrt[c])

Maple [A] time = 0.013, size = 72, normalized size = 0.7

-4 b? 2 b1 -4 b? 2 b1 1
- % (cos (L) FresnelC ( et —) + sin (L) FresnelS ( et —))

2¢ Vo e 2c Vi Vel Ve

NI &R
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(c*x"2+b*x+a)”2,x)

[Out] 1/2*%x-1/4%Pi~(1/2)/c”(1/2)*(cos(1/2x(-4*xa*c+b~2)/c)*FresnelC((2*xc*x+b)/c~(1
/2)/Pi~(1/2))+sin(1/2% (-4*axc+b~2) /c)*FresnelS ((2*c*xx+b) /c~(1/2)/Pi~(1/2)))

Maxima [C] time = 2.16694, size = 410, normalized size = 4.1

1 1 1 1 . (1 1 . 1 1
_\/Eﬁ(((cos (Z U arctan (0, c)) + cos (_Z T+ arctan (0, c)) —1isin (Z T+ arctan (0, c)) +1 sin (_Z T+ 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)”2,x, algorithm="maxima")

[Out] -1/32*%(sqrt(2)*sqrt(pi)*(((cos(1/4xpi + 1/2%arctan2(0, c)) + cos(-1/4*pi +
1/2*arctan2(0, c)) - I*sin(1/4*pi + 1/2%arctan2(0, c)) + I*sin(-1/4*pi + 1/
2xarctan2(0, c)))*cos(-1/2x(b~2 - 4*axc)/c) - (I*cos(1/4*xpi + 1/2%arctan2(0
, €)) + Ixcos(-1/4xpi + 1/2%arctan2(0, c)) + sin(1/4*pi + 1/2*arctan2(0, c)
) - sin(-1/4x%pi + 1/2*arctan2(0, c)))*sin(-1/2%(b"2 - 4xax*c)/c))*erf ((2*Ix*c
xx + Ixb)/sqrt(2*I*c)) - ((cos(1/4*pi + 1/2xarctan2(0, c)) + cos(-1/4xpi +
1/2*%arctan2(0, c)) + I*sin(1/4*pi + 1/2*arctan2(0, c)) - Ixsin(-1/4x*pi + 1/
2*¥arctan2(0, c)))*cos(-1/2%(b~2 - 4*axc)/c) + (I*cos(1/4*pi + 1/2*arctan2(0
, €)) + Ixcos(-1/4xpi + 1/2%arctan2(0, c)) - sin(1/4*pi + 1/2*arctan2(0, c)
) + sin(-1/4x%pi + 1/2*arctan2(0, c)))*sin(-1/2%x(b"2 - 4xax*c)/c))*erf ((2*Ix*c
*xx + Ixb)/sqrt(-2xIxc)))*sqrt(abs(c)) - 16x*x*abs(c))/abs(c)

Fricas [A] time = 1.46734, size = 238, normalized size = 2.38

2 (2 cx+b){/< (2 cx+b) 2
fFoos (- 525 o 2| B[22 i (- £522) 2
ud 2c c 2c

4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)”2,x, algorithm="fricas")
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[Out] -1/4*(pi*sqrt(c/pi)*cos(-1/2*%(b"2 - 4*ax*xc)/c)*fresnel cos((2*c*x + b)*sqrt(
c/pi)/c) - pixsqrt(c/pi)*fresnel_sin((2xc*x + b)*sqrt(c/pi)/c)*sin(-1/2*(b~
2 - 4xaxc)/c) - 2*xcx*x)/c

time = 1.20047, size = 83, normalized size = 0.83

o sl 2 () comfor- ()

2 4

Sympy [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x**2+bxx+a)**2,x)

[Out] x/2 - sqrt(pi)*(-sin(2*a - b**2/(2xc))*fresnels((2*b + 4xcx*x)/(2*sqrt(pi)*s
qrt(c))) + cos(2xa - b**2/(2*c))*fresnelc((2*b + 4*c*x)/(2*sqrt(pi)*sqrt(c)

)))*sqrt(1/c)/4

Giac [C] time = 1.32185, size = 165, normalized size = 1.65

O WA ( +)+)e _lbzﬁwtﬁerf(—w(zgc+ e
2 ( F ) 8V4m+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)”2,x, algorithm="giac")

[Out] 1/2*x + 1/8*sqrt(pi)*erf(-1/2xsqrt(c)*(2*x + b/c)*(-Ixc/abs(c) + 1))*e~(-1/
2% (I*b~2 - 4x*Ixaxc)/c)/(sqrt(c)*(-I*c/abs(c) + 1)) + 1/8xsqrt(pi)*erf(-1/2x
sqrt(c)*(2*xx + b/c)*(I*xc/abs(c) + 1))*e~(-1/2x(-Ixb~2 + 4xIxaxc)/c)/(sqrt(c

)*(I*xc/abs(c) + 1))
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336 f sinz(a+bx+cx2) q
. X
d+ex
Optimal. Leaf size=43
loo(d 1 cos (2a + 2bx + 2cx?
M — —Unintegrable ( ),x
2e 2 d+ex

[Out] Logld + e*xx]/(2xe) - Unintegrable[Cos[2*a + 2%bxx + 2*c*x~2]/(d + exx), x]/
2

Rubi [A] time = 0.037116, antiderivative size = 0, normalized size of antiderivative = 0.,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0,

Rules used = {}

integrand size

dx

f sin? (a +bx + cx2)

d+ex

Verification is Not applicable to the result.

[In] Int[Sin[a + b*x + c*xx~2]72/(d + ex*xx),x]

[Out] Logld + exx]/(2*e) - Defer[Int] [Cos[2*a + 2%b*x + 2xc*xx~2]/(d + e*x), x]/2

Rubi steps

f sin® (a +bx + cxz)

d+ex

f( 1 oS (Za +2bx + 2cx2)) ;
X

2(d + ex) - 2(d + ex)

log(d+ex) 1 [cos (2a + 2bx + 2cx2)
B 2e 2 f d+ex

dx

Mathematica [A] time = 7.40887, size = 0, normalized size = 0.

sin? (a +bx + cxz) ;
f d+ex *

Verification is Not applicable to the result.
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[In] Integrate[Sin[a + b*x + c*xx"2]72/(d + ex*x),x]

[Out] Integrate[Sin[a + b*x + c*x~2]72/(d + e*x), x]

Maple [A] time = 0.23, size = 0, normalized size = 0.

dx

f (sin (cx2 +bx + u))z

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(c*x~2+b*x+a) 2/ (exx+d) ,x)

[Out] int(sin(c*x"2+b*x+a) "2/ (exx+d) ,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

1 COS(Z X242 bx) cos(2 a)—sin(2 cx2+2 bx) sin(2 a) 1 cos(Z cx2+2 bx+2 a)
- Lo (T g+ 1 +d
2 ¢ f (cos(Z a)2+sin(2 u)z)ex+(cos(2 a)2+sin(2 a)z)d 2 f ex+d X 08 (ex )
2e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a)~2/(e*x+d),x, algorithm="maxima"

[Out] 1/2%(2*exintegrate(-1/4*(cos(2%c*x™2 + 2%b*x)*cos(2*a) - sin(2%c*xx~2 + 2*bx*
x)*sin(2*a))/((cos(2*a)~2 + sin(2*a) 2)*exx + (cos(2*a)”2 + sin(2*a)”2)x*d),
x) - 2*exintegrate(1/4*cos(2xc*x”2 + 2xb*x + 2*a)/(e*xx + d), x) + log(e*x

+ d))/e

Fricas [A] time = 0., size = 0, normalized size = 0.

cos (cx2 +bx + a)2 -1

integral | - X

ex +d

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(sin(c*x~2+b*x+a) 2/ (e*x+d),x, algorithm="fricas")

[Out] integral(-(cos(c*x”2 + bxx + a)”2 - 1)/(exx + d), x)
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Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f sin® (a +bx + cxz)

d+ex
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x**2+bxx+a)**2/(e*xx+d) ,x)

[Out] Integral(sin(a + b*x + cxx**2)*x2/(d + e*x), x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

sin (cx2 +bx + a)2
f ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(c*x~2+b*x+a) 2/ (e*x+d),x, algorithm="giac")

[Out] integrate(sin(c*x™2 + b*x + a)~2/(e*xx + d), x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102

o e S R
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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13

14
15
16
17
18
19
20
21
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23
24
25
26
27

28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
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57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74

75
76
77
78
79
80
81
82
83
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88
89
90
91
92
93
94
95
96
97
98
99
100
101

if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148

is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
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ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:




42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

72
73

74

75
76
77
78
79
80
81
82
83

84

197

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by )
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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